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Abstract

This paper studies the effects of advertising in a Bertrand duopoly
model with informative advertising, which is an extension of Grossman
and Shapiro (1984). It introduces spillover advertising effects on top of
the direct advertising effects. Also, the model involves R&D activities,
which make the model dynamical. It is shown that the spillover effects
would make the environment more monopolistic: higher prices and
profits with lower R&D expenditures.

1 Introduction

There is no doubt that advertising is an important economic activity, which
we inevitably face on a daily basis. Naturally, it has been attracting sub-
stantial attention of economists. Economists have identified three main roles
of advertising: the persuasive view, the informative view, and the comple-
mentary view.1 This paper focuses on the informative role of advertising.

Informative advertising provides an interesting implication regarding the
value of information. As the well celebrated classical result by Blackwell
(1953) shows, more information is always good in the context of a static sin-
gle decision maker problem. However, as the example by Hirshleifer (1971)
indicates, more information may make the agents worse off in a more generic
case. Sulganik and Zilcha (1997) generalises the example of Hirshleifer (1971)
and argues that such an apparently pathological case arises when the ad-
ditional information changes the opportunity sets of the agents. Now the
informative view of advertising postulates that advertising does change the
opportunity sets the agents recognise. Hence, it is not trivial whether infor-
mation is beneficial or not to the welfare of the economy. Indeed, the existing
literature suggests mixed results concerning the welfare effect of advertising.

∗Preliminary. Comments are welcome.
†Department of Accounting, Finance and Management, University of Essex, Wivenhoe

Park, Colchester CO4 3SQ, United Kingdom; E-mail: hnakata@stanfordalumni.org or
hnakata@essex.ac.uk.

1Bagwell (2005) provides an extensive literature review.
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Butters (1977) initiated the line of research on informative advertising in
oligopoly models.2 It is a model with a homogeneous good, in which each
firm chooses its price to advertise and the number of (price) advertisements to
send out. It shows that the equilibrium advertising level is socially optimal,
while price has no welfare implications.3 Some extensions of Butters (1977),
however, show that equilibrium advertising is insufficient (e.g. Stegeman
[1991] and Stahl [1994]). Grossman and Shapiro (1984) extends Butters
(1977) to allow for differentiated products. As opposed to Butters (1977),
it shows that the equilibrium advertising may be insufficient or excessive.
Also, it provides a surprising result: the equilibrium profit is larger when
advertising is more costly. Moreover, some other works show that firms may
keep some consumers uninformed even if the advertising cost is zero (e.g.
Ferschtman and Muller [1993] and Boyer and Moreaux [1999]).

Now, as is often argued, the internet is becoming an important channel
through which consumers collect information and purchase products or ser-
vices. It is therefore not surprising to see that more and more firms advertise
and offer their products or services via the internet. Easier and cheaper
communication via the internet would make advertising more effective in
improving the recognition of products or services. However, it may cause
larger spillover advertising effects simultaneously, because a consumer who
has seen an advertisement of a product would have an easy access to informa-
tion about its competing products when communication is easy and cheap.
While the direct advertising effect would be advantageous for the advertising
firm, the spillover effect would be disadvantageous for it. Since the spillover
effect is an externality that exist in both directions, the effect on the econ-
omy is not trivial. Cellini and Lambertini (2003) examines such an effect
in a Cournot oligopoly, and finds that the equilibrium advertising is higher
when firms form a cartel than when they act non-cooperatively.

Our model also examines the direct and spillover advertising effects by
extending Grossman and Shapiro (1984), which is a Bertrand oligopoly. On
top of examining the direct and spillover advertising effects on prices, this
paper analyses such effects on R&D activities. Usually R&D activity is rather
expensive, and thus, the firms would avoid spending on R&D if they do not
face any competition. In our model, the two advertising effects influence the
competitive environment, and thus, we can expect some impacts on R&D,
too. Note that the addition of R&D makes the model dynamical.

However, unlike some existing works that make advertising fully dynam-
ical, this paper does not (e.g. Nerlove and Arrow [1962], Friedman [1983],
Doraszelski and Markovich [2005]). We focus on the situation in which two
established firms competing with each other by introducing new products
in each period, while the new products will remain unrecognised unless the
consumers receive advertisements then. Hence, the impact of advertising on
recognition is static in nature.

2Other classical works on informative advertising include Nelson (1974) and Lynk
(1981).

3Welfare is measured with respect to post-advertisement preferences. See Dixit and
Norman (1978). Also, we shall discuss this issue later in this paper.
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The rest of the paper proceeds as follows. Section 2 introduces the model
and the definition of the equilibrium. Then, section 3 examines the compara-
tive statics of the equilibrium, and analyses the welfare effects of advertising.
Section 4 discusses the implications and limits of the results, and section 5
concludes the paper.

2 The Model

In this section, we first explain the structure of the model, and then, define
its equilibrium. Then, we define the symmetric equilibrium and stationary
equilibrium, and show that they are equivalent in our model. Also, the
uniqueness of such an equilibrium is also shown.

2.1 The Structure of the Model

The model in this paper essentially follows that of Grossman and Shapiro
(1984), although our model is dynamical and introduces spillover effects and
R&D activities. To make the model analytically tractable, we focus on the
case where there are only two firms. Namely, we follow the model in Tirole
(1988, Section 7.3.2) in which firms are located on a line rather than on a
circle in Grossman and Shapiro (1984).

More specifically, consider an economy in which there are two firms com-
peting in the same industry. Each firm has only one product in every period,
and is infinitely lived. On the other hand, there is a continuum of consumers
who are located on the unit interval [0, 1] in each period, while they are
indexed by h ∈ [0, 1].

We assume that each consumer consumes at most only one unit of the
product of the industry in every period t (t = 0, 1, 2, ...). Consumer h’s
subjective (monetary) evaluation of firm 1’s product is v1

t − ηh and that of
firm 2’s product is v2

t −η(1−h), where η (≥ 0) is a parameter that measures
diversity in tastes among the consumers, while vk

t is the maximum subjective
evaluation of firm k’s product in period t.4

The maximum subjective evaluation of firm k’s product is determined as
follows:

vk
t+1 = vk

t + f(zk
t ), (1)

where zk
t (≥ 0) denotes firm k’s R&D expenditure in period t, while we

assume vk
0 = v0 (k = 1, 2), f(0) = 0, f ′(·) > 0 and f ′′(·) < 0. Hence,

firm k’s R&D expenditure alters consumers’ subjective evaluations of firm
k’s product in the next period, while the R&D activities exhibit ‘diminishing
returns to scale’.

The consumer surplus of consumer h in period t is v1
t − ηh−p1

t if he buys
firm 1’s product at price p1

t , while it is v2
t − η(1− h)− p2

t if he buys firm 2’s

4This effectively means that firm 1 is located at 0 and firm 2 at 1 on the unit interval
[0, 1].
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product at price p2
t .

5 However, we assume that consumers do not a priori
recognise the products available in each period t unless the firms advertise
their products then. Namely, consumers are passive about the products
and/or brands. This assumption follows Butters (1977) and Grossman and
Shapiro (1984). Nevertheless, we assume that the recognition of a firm’s
product may be affected by the advertisement of the other firm. We call
such effects the spillover effects. Moreover, we assume that the firms cannot
target specific consumers (i.e. no target advertising), but can only affect the
overall recognition.

Upon these observations, we assume that firm k’s product’s recognition
in period t takes the following functional form: For k = 1, 2,

φk
t = φk(q1

t , q
2
t ) = min

{√
aqk

t + bq
(k)
t , 1

}
, for all t, (2)

where φk
t denotes the proportion of agents who recognise firm k’s product in

period t, qk
t denotes firm k’s advertisement expenditure in period t, and q

(k)
t

denotes the other firm’s advertisement expenditure in period t, while a and
b are parameters with a ≥ b ≥ 0 and a > 0. Note that when b > 0, there is
a spillover effect. Also, we omit the subscript t whenever it is explicitly or
implicitly understood.

To describe the demand for the products, we need to consider two differ-
ent situations. The first one is when a consumer recognises only one firm’s
product. In this case, the consumer buys the firm’s product as long as his
consumer surplus from the product is positive. The other is the case in
which the consumer recognises the products of both firms. In this case, the
consumer buys the product of the firm that yields a larger consumer surplus.

Following Grossman and Shapiro (1984), it is straightforward to derive
the demand for firm k’s product as follows:

xk
t = xk

(
pt, φ

k(qt), φ
(k)(qt), v

k
t , v

(k)
t

)
=

φ1(qt)φ
2(qt)(v

k
t − v

(k)
t + p

(k)
t − pk

t )

η
+

φk(qt)(2− φ(k)(qt))

2
,

where pt = (p1
t , p

2
t ) and qt = (q1

t , q
2
t ).

For the production side, following Grossman and Shapiro (1984) we as-
sume that the cost functions of the firms are identical and take the following
form:

C(xk
t ) = cxk

t + ζ,

where c is a parameter that measures the variable cost, ζ is the fixed cost,
and xk

t is the number of units of firm k’s product sold in period t. On top
of production costs, each firm spends on advertisement as well as on R&D.
Thus, the profit of firm k in period t is defined as follows:

πk
t = (pk

t − c) · xk
t − ζ − qk

t − zk
t .

5The concept of consumer surplus here is not very clear cut since consumers do not
recognise the products a priori. Consumer surplus here is conditional on the knowledge of
the product, and thus, it can be understood as an ex post concept. We discuss this point
more in details in Section 4.

4



We assume that the firms are profit maximisers, and that, each firm
chooses the price of its product pk

t as well as the advertising expenditure qk
t

and the R&D expenditure zk
t in each period. Furthermore, we assume that

each firm knows the structure of the model described here, while there is
no informational asymmetry as far as the description of this reduced form
model is concerned.

Firm k solves the following profit maximisation problem:

max(pk
t ,qk

t ,zk
t )∞t=0

∞∑
t=0

δt
[
(pk

t − c) · xk
(
pt, φ

k(qt), φ
(k)(qt), v

k
t , v

(k)
t

)
− ζ − qk

t − zk
t

]
s.t. vk

t+1 = vk
t + f(zk

t ),(
p

(k)∗
t , q

(k)∗
t , z

(k)∗
t

)∞
t=0

given,

where δ ∈ (0, 1) is the discount factor. This formulation assumes that each
firm possesses the correct (common) belief, and that it is common knowledge.
Each firm therefore effectively has a perfect foresight about the entire future
sequence of the opponent’s actions (p

(k)
t , q

(k)
t , z

(k)
t )∞t=0.

The first order conditions of firm k’s optimisation problem are the follow-
ing (for interior solutions such that φk

t ∈ (0, 1)):

0 =
φ1

t φ
2
t

η
· (∆vk

t −∆pk
t − pk

t + c) +
φk

t (2− φ
(k)
t )

2
(3)

1 = (pk
t − c)

[
a(φ

(k)
t )2 + b(φk)2

2φk
t φ

(k)
t

· ∆vk
t −∆pk

t

η
+

a(2− φ
(k)
t )

4φk
t

− bφk
t

4φ
(k)
t

]
(4)

1 = δ(pk
t+1 − c) ·

φ1
t+1φ

2
t+1

η
· f ′(zk

t ) (5)

for all t, where ∆vk
t := vk

t − v
(k)
t and ∆pk

t := pk
t − p

(k)
t .

Note that the choice of (pk
t , q

k
t ) is essentially static and is without dy-

namical concerns. On the other hand, the choice of zk
t has dynamical conse-

quences, where vk
t is really a state variable. As it is clear from equation (5)

that the choice of zk
t is determined by applying backward induction: taking

(pk
t+1, φ

1
t+1, φ

2
t+1) as given to derive the optimal zk

t . Obviously, the equi-
librium concept resulting from optimising behaviours of the firms is Nash
equilibrium.6

2.2 The Equilibrium

In what follows, first we provide the definition of equilibrium, followed by
those of stationary equilibrium and symmetric equilibrium. Then, we show
the equivalence between symmetric equilibrium and stationary equilibrium

6The definition here is that of an open-loop equilibrium. However, there is no distinc-
tion between an open-loop equilibrium and a closed-loop equilibrium in the symmetric
case in our model, since the state variables (v1

t , v2
t ) do not affect the control variables.

Namely, an open loop equilibrium is time consistent, and is subgame perfect.
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in our model. Also, we show the uniqueness of symmetric or stationary
equilibrium.

Depending on the parameters (a, b, η), there may well be corner solutions
such that φk

t = 1. However, this is not an interesting case, and thus, we rule
out such equilibria, and focus on the equilibria such that φk

t ∈ (0, 1) for all
k, t. Hence, we define the interior equilibrium of the model as follows, while
defining zt = (z1

t , z
2
t ).

Definition: An interior equilibrium of the model is a sequence (pt,qt, zt)
∞
t=0

that satisfies conditions (3)—(5) and φk
t ∈ (0, 1) for all k, t. �

Next, we define the stationary equilibrium as follows.

Definition: A stationary equilibrium is an interior equilibrium in which

(p∗t ,q
∗
t , z

∗
t ) = (p∗,q∗, z∗)

holds for all t. �

Thus, a stationary equilibrium is an interior equilibrium in which all
control variables are time-invariant. Note however that the subjective eval-
uations of the products are not necessarily and typically not time-invariant,
because vk

t+1 = vk
t + f(zk

t ) > vk
t if zk

t > 0. Also, we define the symmetric
equilibrium as follows.

Definition: A symmetric equilibrium is an interior equilibrium in which

(p1∗
t , q1∗

t , z1∗
t ) = (p2∗

t , q2∗
t , z2∗

t )

holds for all t. �

Note that the definition of stationary equilibrium does not require vk
t to

be constant over time. Hence, even in a stationary equilibrium, the consumer
surplus may continue to rise over time.

With the definitions above, we are ready to state the following proposi-
tion.

Proposition 1: A stationary equilibrium prevails if and only if it is a sym-
metric equilibrium.

(Proof)
First, we prove the necessity. We prove it by contradiction. Suppose a sta-
tionary equilibrium prevails, but it is not symmetric. Then, either z1 > z2

or z1 < z2 holds. We only focus on the case z1 > z2, since the same logic
applies to the other case. z1 > z2 implies that f(z1) > f(z2), since f ′(·) > 0
by assumption. It follows that

v1
t+1 − v2

t+1 = v1
t − v2

t + f(z1)− f(z2)

> v1
t − v2

t .

However, this is a contradiction with (3) unless either φ1 = 0 or φ2 = 0 holds,
which cannot be compatible with (4). Hence, z1 = z2 must hold.
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It follows from (5) that z1 = z2 implies p1 = p2. This in turn implies that
(3) yields

φ1(2− φ2)

2
=

φ2(2− φ1)

2
.

Hence, φ1 = φ2 and also q1 = q2. This completes the proof of necessity.
Next we prove the sufficiency. Observe that for symmetric equilibria the

first order conditions (3)—(5) can be rewritten as follows:

p∗t − c =
2− φ∗t

φ∗t
· η, (6)

p∗t − c =
4φ∗t

2a− (a + b)φ∗t
, (7)

1 = δ(p∗t+1 − c) ·
(φ∗t+1)

2

η
· f ′(z∗t ). (8)

(6) and (7) imply that the following quadratic equation holds:

(a + b− 4) (φ∗t )
2 − 2(2a + b)φ∗t + 4a = 0.

Hence, when a + b < 4, there is only one positive root, which implies
φ∗t = φ∗ for all t if such a positive root is not greater than 1. On the other
hand, when a + b > 4, the signs of the two roots are both positive. In this
case, the quadratic function (a + b − 4) (φ∗t )

2 − 2(2a + b)φ∗t + 4a is at the
minimum when

φ∗t = φ̂ =
2a + b

a + b− 4
.

Observe that φ̂ > 1 if and only if a > −4. Since a > 0 by assumption, φ̂ > 1
holds. Thus, there is only one root that is between 0 and 1. Hence, there is
at most only one positive root, and thus, φ∗t = φ∗ for all t. It follows that
q∗t = q∗ for all t, while both (6) and (7) imply that p∗t = p∗, which in turn
implies from (8) that z∗t = z∗ for all t. This completes the proof. �

The proof for the sufficiency of proposition 1 yields the following propo-
sition:

Proposition 2: Given the parameters, there exists at most one symmet-
ric/stationary equilibrium. �

Propositions 1 and 2 provide some justifications to focus on symmet-
ric/stationary equilibrium. The parametric set-up is symmetrical between
the two firms; thus, it is natural to focus on symmetric equilibrium. Propo-
sition 1 then shows that a stationary equilibrium is equivalent to a sym-
metric equilibrium, and thus, we may conclude that it is natural to focus
on stationary equilibrium. Moreover, proposition 2 shows the uniqueness of
a symmetric/stationary equilibrium. Hence, any comparative statics results
can be understood to be generic as long as we focus on symmetric/stationary
equilibrium.
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Hence, from now on, we focus only on symmetric/stationary equilibria:
p1

t = p2
t = p∗, q1

t = q2
t = q∗ and z1

t = z2
t = z∗ hold for all t. Consequently, we

rewrite the first order conditions above as follows:

p∗ − c =
(2− φ∗)η

φ∗
, (9)

p∗ − c =
4φ∗

2a− (a + b)φ∗
, (10)

1 = δ(p∗ − c) · (φ∗)2

η
· f ′(z∗). (11)

It is easy to show that the second order conditions hold.

∂2πk

∂(pk)2
= −2(φ∗)2

η
< 0,

∂2πk

∂(qk)2
= (p∗ − c) · 1

8(φ∗)2
·
[
(a− b)2 − 2a2

φ∗

]
< 0,

∂2πk

∂(pk)2
· ∂2πk

∂(qk)2
−

(
∂2πk

∂qk∂pk

)2

=
a2(φ∗ − 2)2 + 2abφ∗(2− φ∗) + b2((φ∗)2 − 2φ∗ − 2)

8(φ∗)2

≥ 1

8(φ∗)2
·
[
2abφ∗(2− φ∗) + 2((φ∗)2 − 3φ∗ + 1)b2

]
≥ 1

8(φ∗)2
·
[
2abφ∗(1− φ∗) + 2(1− φ∗)2b2

]
> 0,

δ(p∗ − c) · (φ∗)2

η
· f ′′(z∗) < 0.

It is clear that f ′′(z∗) < 0 must hold, which we assumed before. In other
words, although the assumption may have appeared ad hoc since it is con-
cerning the subjective monetary evaluation of the consumers, it is in fact
essential. Moreover, the profit function in each period is bounded as long as
price p∗ is bounded, which is indeed the case here. Hence, the objective func-
tion over the infinite periods is also bounded, and thus, equations (9)–(11)
do characterise the solution.

3 Comparative Statics and Welfare Analysis

In this section, we examine the comparative statics of the endogenous vari-
ables as well as welfare implications. In so doing, we consider two cases: the
static case and the dynamical case. The static case is the case in which there
are no R&D activities. This makes the situation static, because the only dy-
namical element of the model is the R&D activities. In this case, consumers’
subjective evaluations of the products are constant over time. The other
case, the dynamical case, is thus the case in which there are R&D activities.
In this case, the subjective evaluations of the products change over time.

Nevertheless, we sustain our focus on stationary equilibrium, and thus,
all (equilibrium values of) control variables are time-invariant. It follows
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that the results for control variables in the static case carry through in the
dynamical case, too. However, the results for profits must be considered
separately, since profits are affected by R&D expenditures, which appear
only in the dynamical case.

3.1 The Static Case

In what follows, we examine the effects of the parameters on the endogenous
variables in the static case, in which R&D expenditures are absent, and thus,
the maximum subjective evaluation of the products is constant at v0. From
the first order conditions (9) and (10), it is routine to show the following:

∂p∗

∂a
∂q∗

∂a
∂p∗

∂b
∂q∗

∂b
∂p∗

∂η
∂q∗

∂η


=

1

D∗



2(2−φ∗)η
G∗q∗

η
2φ∗(a+b)

− 4ηφ∗[a(1−φ∗)+b(2−φ∗)]
G∗(a+b)

−2φ∗η
G∗

− η
2φ(a+b)

+ 4φ∗[a+(a+b)φ∗]
G∗(a+b)

2a(φ∗−2)
G∗q∗
φ∗−2
2φ∗


,

where

D∗ = −4aφ∗

G∗q∗
− η

2q∗φ∗
< 0,

G∗ = [2a− (a + b)φ∗]2 > 0.

Hence, it is clear that ∂p∗/∂a < 0, ∂p∗/∂b > 0, ∂p∗/∂η > 0 and ∂q∗/∂η >
0. Although the sign of ∂q∗/∂b appears to be indeterminate, this is not the
case. We know from (9) that

∂p∗

∂a
= − 2η

(φ∗)2
· ∂φ∗

∂a
, (12)

∂p∗

∂b
= − 2η

(φ∗)2
· ∂φ∗

∂b
. (13)

Thus, ∂φ∗/∂a > 0 and ∂φ∗/∂b < 0. Observe that (2) implies that

∂φ∗

∂b
=

∂φ∗

∂b

∣∣∣∣
∗
+

(
∂φ∗

∂qk
+

∂φ∗

∂q(k)

)
· ∂q∗

∂b

=
q∗

2φ∗
+

a + b

2φ∗
· ∂q∗

∂b
< 0,

where ∂φ∗

∂b

∣∣
∗ denotes the direct effect of b on φ∗. It follows that ∂q∗/∂b < 0.

However, the sign of ∂q∗/∂a is indeterminate, because

∂φ∗

∂a
=

∂φ∗

∂a

∣∣∣∣
∗
+

(
∂φ∗

∂qk
+

∂φ∗

∂q(k)

)
· ∂q∗

∂a

=
q∗

2φ∗
+

a + b

2φ∗
· ∂q∗

∂a
> 0.
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Also, from (10), we obtain

∂p∗

∂η
=

8a

[2a− (a + b)φ∗]2
· ∂φ∗

∂η
.

We know that ∂p∗/∂η > 0. Hence, ∂φ∗/∂η > 0 holds.
Moreover, by construction, the equilibrium product sales is

x∗ =
φ∗ (2− (φ∗)2)

2
.

It follows that

∂x∗

∂a
= (1− φ∗) · ∂φ∗

∂a
> 0,

∂x∗

∂b
= (1− φ∗) · ∂φ∗

∂b
< 0,

∂x∗

∂η
= (1− φ∗) · ∂φ∗

∂η
> 0.

The following proposition summarises the comparative statics results re-
garding advertising, pricing and product recognition.

Proposition 3:
(a) The equilibrium price level is decreasing in the degree of direct advertising
effect, increasing both in the degree of the spillover advertising effect and in
the degree of diversity in tastes, i.e. ∂p∗

∂a
< 0, ∂p∗

∂b
> 0 and ∂p∗

∂η
> 0.

(b) The equilibrium advertising level is decreasing in the degree of the spillover
advertising effect, and increasing in the degree of diversity in tastes, i.e.
∂q∗

∂b
< 0 and ∂q∗

∂η
> 0.

(c) The equilibrium product recognition is increasing in the degree of the direct
advertising effect, decreasing in the degree of the spillover advertising effect,
and increasing in the degree of diversity in tastes, i.e. ∂φ∗

∂a
> 0, ∂φ∗

∂b
< 0, and

∂φ∗

∂η
> 0.

(d) The equilibrium product sales is increasing in the degree of the direct
advertising effect, decreasing in the degree of the spillover advertising effect,
and increasing in the degree of diversity in tastes, i.e. ∂x∗

∂a
> 0, ∂x∗

∂b
< 0, and

∂x∗

∂η
> 0.

Before examining the case in which zk
t is controllable, we examine the

effects on profits in the static case, i.e. vk
t is fixed. In this case, the following

holds:

Proposition 4: In the static case in which v1
t = v2

t = v0 for all t, the equi-
librium profit level is decreasing in the degree of the direct advertising effect,
increasing both in the degree of the spillover advertising effect and in the de-
gree of diversity in tastes, i.e. ∂π∗

∂a
< 0, ∂π∗

∂b
> 0 and ∂π∗

∂η
> 0.

(Proof) See appendix. �
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parameters p∗ q∗ φ∗ x∗ π∗

a − ? + + −
b + − − − +
η + + + + +

Table 1: Comparative Statics: Static Case

Table 1 summarises the results of Propositions 3 and 4. p∗, q∗, φ∗ and x∗

are unaffected by the maximum subjective evaluation of the products vt, and
thus, the effects on them are the same whether or not we are analysing the
static case or the dynamical case. However, effects on profits are different.
Profits in the static case do not involve R&D expenditures zt, while they do
involve zt in the dynamical case. Thus, the effects on profits are affected by
the effects on R&D expenditures in the dynamical case, and consequently,
the results may well be different between the two cases.

The results with respect to a are consistent with the findings of Grossman
and Shapiro (1984). When the direct advertising effect is larger (i.e. larger
a), the equilibrium advertising expenditure may or may not increase. Never-
theless, in this case, the equilibrium recognition level of the product becomes
higher, the equilibrium number of units sold increases, and the equilibrium
price and profit fall. Hence, it can be understood that the environment of
the industry becomes more competitive when the parameter a is larger.

In contrast, the results with respect to b suggest that larger spillover ef-
fects (i.e. larger b) make the economy more monopolistic—higher prices and
larger profits. Observe that larger spillover effects drive down the equilibrium
advertising expenditures that are small enough so that the product recogni-
tion remains at a low level. By recognising that an increase in its advertising
expenditure would improve both the recognition of its own product and that
of the competitor’s product, each firm restricts its advertising expenditure
so that it can enjoy a more monopolistic environment.

When the degree of diversity in tastes is higher (i.e. larger η), all endoge-
nous variables increase. To understand why, notice that each firm has more
consumers who value its own product far more than its competitor’s and
vice versa when η is large. Hence, the price elasticities of the demand for the
products become low when η is large, and thus, the firms can charge higher
prices. Moreover, the damage caused by the spillover effects will be smaller.
Hence, firms spend more on advertising when η is large, and consequently,
the recognition of the products and the sales increase.

3.2 The Dynamical Case

In what follows, we examine the comparative statics regarding R&D expen-
ditures and profits, which involve dynamical considerations. Because we are
focusing on stationary equilibria (or equivalently symmetric equilibria), com-
parative statics become simple: the analysis becomes as though it is static.

To examine the effects on R&D decisions, we use (9) and (11) to derive
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the following:
1 = (2− φ∗) φ∗f ′(z∗).

It follows that

∂z∗

∂a
= − 2(1− φ∗)

(2− φ∗)φ∗
· f ′(z∗)

f ′′(z∗)
· ∂φ∗

∂a
> 0,

∂z∗

∂b
= − 2(1− φ∗)

(2− φ∗)φ∗
· f ′(z∗)

f ′′(z∗)
· ∂φ∗

∂b
< 0,

∂z∗

∂η
= − 2(1− φ∗)

(2− φ∗)φ∗
· f ′(z∗)

f ′′(z∗)
· ∂φ∗

∂η
> 0.

The following proposition summarises the above results.

Proposition 5: The equilibrium R&D expenditure is increasing in the degree
of the direct advertising effect, decreasing in the degree of the spillover adver-
tising effect, and increasing in the degree of diversity in tastes, i.e. ∂z∗

∂a
> 0,

∂z∗

∂b
< 0, and ∂z∗

∂η
> 0.

Proposition 5 suggests that the direct advertising effect (i.e. a) enhances
R&D activities, while the spillover advertising effect (i.e. b) has a negative
effect on them. The difference reflects the fact that the two advertising ef-
fects have opposing impacts on the recognition of the products: the direct
effect has a positive impact and the spillover effect has a negative one. As
explained earlier, wider recognition of the products means that more con-
sumers choose a product rather than merely deciding whether or not to take
the one (and the only one) they recognise. Hence, the direct effect makes the
environment more competitive for the firms, while the spillover effect makes
it more monopolistic. Firms make R&D expenditures to sustain a competi-
tive edge, and they do more so when the environment is more competitive.
Hence, a larger direct effect causes a fiercer R&D race between the firms,
while a larger spillover effect eases the race.

We can therefore conclude the following: When the direct advertising ef-
fects are larger (i.e. larger a) the welfare of the consumers improves through
lower equilibrium prices and more rapid product improvements (through
more active R&D activities). In contrast, the spillover advertising effects
(i.e. b) have an adverse impacts on the consumer welfare: Higher equilib-
rium prices and slower product improvements.

Next, we examine the effects on profits. Observe that the following equa-
tions hold:

∂π∗

∂a
=

∂π∗

∂p(k)
· ∂p∗

∂a
+

(
∂π∗

∂φk
+

∂π∗

∂φ(k)

)
· ∂φ∗

∂a
− ∂q∗

∂a
− ∂z∗

∂a
,

∂π∗

∂b
=

∂π∗

∂p(k)
· ∂p∗

∂b
+

(
∂π∗

∂φk
+

∂π∗

∂φ(k)

)
· ∂φ∗

∂b
− ∂q∗

∂b
− ∂z∗

∂b
,

∂π∗

∂η
=

∂π∗

∂p(k)
· ∂p∗

∂η
+

(
∂π∗

∂φk
· ∂φk∗

∂q(k)
+

∂π∗

∂φ(k)
· ∂φ(k)∗

∂q(k)

)
· ∂q∗

∂η
− ∂z∗

∂η
.
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All equations have an extra term that involves partial derivative of z∗

on top of the equations found in the proof for proposition 4. It is then
straightforward that

∂π∗

∂a
< 0,

∂π∗

∂b
> 0,

while the sign of ∂π∗

∂η
is indeterminate.

Before providing a result regarding ∂π∗

∂η
, let us introduce the following

definition:

α∗ := −f ′′(z∗)

f ′(z∗)
,

which is analogous to the coefficient of absolute risk aversion. With this def-
inition, we claim the following proposition:

Proposition 6: The equilibrium profit level is decreasing in the degree of the
direct advertising effect and increasing in the degree of the spillover adver-
tising effect, i.e. ∂π∗

∂a
< 0 and ∂π∗

∂b
> 0. Also, there exists a threshold α̂ such

that
∂π∗

∂η
≷ 0 if and only if α∗ ≷ α̂.

(Proof) See above for ∂π∗/∂a and ∂π∗/∂b. We know from Proposition 4 that

∂π∗

∂p(k)
· ∂p∗

∂η
+

(
∂π∗

∂φk
· ∂φk∗

∂q(k)
+

∂π∗

∂φ(k)
· ∂φ(k)∗

∂q(k)

)
· ∂q∗

∂η
> 0,

while we know from Proposition 5 that ∂z∗/∂η > 0. It follows that the sign
of ∂π∗/∂η depends on the relative magnitude of ∂z∗/∂η. Hence, we can de-
fine α̂ as is done in the claim. �

parameters p∗ q∗ φ∗ x∗ z∗ π∗

a − ? + + + −
b + − − − − +
η + + + + + ?

Table 2: Comparative Statics: Dynamical Case

Table 2 summarises the results. The direct advertising effect makes the
environment more competitive by enhancing wider recognition of the prod-
ucts, which in turn lowers the prices and causes larger R&D expenditures.
Thus, it reduces the equilibrium profit levels of the firms. On the other
hand, the spillover effect has the exact opposite effects. The sign of ∂π∗/∂η
depends on the magnitude of α∗, i.e. it is positive when α∗ is small, while
it is negative when α∗ is large. In other words, when f(·) is close to (affine)
linear, the equilibrium profits would be decreasing in the degree of diversity
of tastes, while the profits would be increasing in it when f(·) shows a strong
‘diminishing returns to scale’ in R&D activities.
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3.3 Welfare Analysis

In what follows, we examine the welfare implications of advertising. To do so,
we first define the first best of the static case to examine the welfare effects
for such a case. Then, we examine the welfare effects for the dynamical case
by extending the analysis for the static case.

The total surplus of the economy is the sum of the aggregate consumer
surplus and the profits of the firms. The aggregate consumer surplus can
be understood as the sum of surplus for two separate groups of consumers;
consumers who are purchasing the potentially more preferable product, and
consumers who are purchasing the potentially less preferable product because
of the lack of recognition. The average consumer surplus of the first group
is v − 0.25η − p while that of the second group is v − 0.75η − p. It is easy to
check that fraction φ of the total population falls into the first group, while
fraction φ(1− φ) of the total population falls into the second group. Hence,
the aggregate consumer surplus CS (in each period) is

CS = φ(v − 0.25η − p) + φ(1− φ)(v − 0.75η − p)

= φ(2− φ)v − 0.25ηφ(4− 3φ)− φ(2− φ)p.

On the other hand, in the static case, the aggregate profit of the firms π is

π = φ(2− φ)(p− c)− 2ξ − 2q

= φ(2− φ)(p− c)− 2ξ − 2(φ)2

a + b
,

where the last line follows from φ =
√

(a + b)q. It follows that the total
surplus of the economy is

CS + π = φ(2− φ)(v − c)− 0.25ηφ(4− 3φ)− 2ξ − 2(φ)2

a + b
.

Note that the price p plays no role here, and φ is the only endogenous variable.
In other words, it is sufficient to see the impacts on φ to examine the welfare
effects.

Consequently, the first best of the economy is given by the following
optimisation problem.

max
φ

φ(2− φ)(v − c)− 0.25ηφ(4− 3φ)− 2ξ − 2(φ)2

a + b
.

It is then straightforward to obtain the first best recognition level φFB as
follows.

φFB =
2(v − c)− η

2(v − c) + 4
a+b

− 1.5η
. (14)

It follows that
∂φFB

∂a
> 0,

∂φFB

∂b
> 0.

Recall that in the decentralised equilibrium ∂φ∗/∂a > 0 and ∂φ∗/∂b < 0
hold. Hence, the spillover advertising effects have opposing directions for the
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first best and for the decentralised equilibrium. In particular, it is easy to
show that φFB > φ∗ holds, when the maximum subjective evaluation v is
large. Hence, the following proposition holds.

Proposition 7: The spillover advertising effects make the advertising insuf-
ficient when the maximum subjective evaluation v is large in the static case.

On the other hand, it is not very clear if the direct advertising effects cause
an insufficient level of advertising even if v is large, since it has positive effects
on the recognition level in both cases.

The discrepancy regarding the spillover advertising effects arises because
they are treated symmetrically with the direct advertising effects in the first
best, while they are regarded differently in the decentralised equilibrium.
In fact, the spillover effect to the opponent is a negative externality, whilst
the spillover effect from the opponent is a positive externality. In the de-
centralised equilibrium, the firms fail to internalise these externalities, and
consequently, they advertise insufficiently when v is sufficiently large.

In the dynamical case, the maximum subjective evaluations vk
t grows

over time. Hence, unless we introduce depreciation for vk
t , the total surplus

will be completely dominated by the aggregate consumer surplus, which is
nonsensical. In fact, full recognition is the first best (i.e. φFB = 1) if there
is no depreciation. To make the analysis meaningful, we need to introduce
depreciation so that there is a steady state for vk

t . With an introduction of
depreciation, the condition (14) remains valid in the dynamical case, although
we need to examine the R&D expenditures, too.

Regarding the R&D expenditures, the following condition characterises
the first best.

δφFB
(
2− φFB

)
f ′(zFB) = 1.

Hence, zFB increases if and only if φFB increases. It follows that the spillover
advertising effects have a positive effect on the R&D expenditures in the first
best. However, we know that they have a negative effect on the R&D expen-
ditures in the decentralised equilibrium. Hence, we claim the following.

Proposition 8: When the steady state level of vk
t is large, the spillover ad-

vertising effects make the R&D expenditures insufficient. Also, the spillover
effects have a negative effect on the total surplus, when the steady state level
of vk

t is large.

On the other hand, the direct advertising effects have a positive impact
on the R&D expenditures for both the first case and the decentralised equi-
librium, and thus, the conclusion is indeterminate.

4 Discussion

In this section, we discuss the implications and limits of our results. One
particular result, which is apparently counter-intuitive, is the negative im-
pact of the spillover advertising effect on the recognition of the products,
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i.e. ∂φ∗/∂b < 0. It may appear that the spillover effect should imply a
wider recognition of the products, since that should indeed be the case had
the advertising expenditures remained the same. However, a decrease in
the advertising expenditure caused by the spillover effect is so great that
the recognition of the products actually falls. Note that the spillover effect
improves the recognition of the opponent firm’s product, which means that
the environment the firm faces becomes more competitive since there will be
more customers who choose between the products of the two firms rather
than deciding whether or not to buy the only one they recognise. Hence,
each firm has incentives to restrict its advertising expenditure so that the
environment remains more monopolistic.

To understand this prediction of the model better, let us consider the
consumer digital camera market as a concrete example. Digital camera man-
ufacturers such as Canon, Nikon or Sony advertise their products via various
media, explaining that their products have acquired better features such as
higher pixels. When consumers are faced with the advertisement (say by
Canon), they only recognise the advertised product (say Canon) per se ini-
tially. However, when they go to a shop (a conventional one or an online one),
they usually have a chance to compare similar products of the competitors
(say Nikon or Sony). This clearly means that the advertisement benefits the
recognition of the competitors’ products.

The above example suggests that a big market place may well have a
bigger spillover effect, since consumers will almost certainly encounter with
products of the competitors there although the visit there (a big conventional
or online shop) was triggered by an advertisement of a firm. Usually, a
big market place is understood to generate more competitions among firms,
and indeed that is still the case even in our model as far as the demand of
consumers there is concerned. However, the competitiveness becomes valid
only when the consumers are present in the market place. To avoid letting
more consumers better informed and be present in such market places, firms
have some incentives not to advertise. Hence, as our model predicts, products
mainly supplied through big market places would not be advertised much
unless the products are sufficiently differentiated and diversity in tastes is
large.

The development of the internet obviously provides consumers with more
opportunities to compare different products. It appears that the internet
makes the environment more competitive by providing more information.
However, it may well be the case that the spillover effect becomes larger with
the development of the internet, and that, firms may well have less incentives
to advertise. Nevertheless, this is not to predict that the internet will rule
advertising out, since the model is not capturing other views of advertising
such as the persuasive view.

Note that the model does not describe each individual consumer’s prob-
lem, and thus, it is not capable of describing the determinants of the consumer
behaviour. In other words, the model does not describe how advertising af-
fects individual consumer’s behaviour. Even if we confine our attention to the
informative view of advertising, there are various ways in which advertising
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may influence the consumer’s recognition, and consequently his behaviour.
To see how advertising influences consumer’s recognition, it is essential to
describe how consumers acquire information. Our model does not address
this question, and it only describes the consumer behaviour in a reduced
form: the direct effect and the spillover effect.7

In fact, a description of information acquisition through advertising is not
trivial. It does not make sense to assume expected utility, not to mention a
common prior, in which case each consumers knows what piece of informa-
tion (s)he is missing. Nakata (2006) deals with this issue, and adapts the
results of Dekel et al. (2001) in the literature on unforeseen contingencies
or unawareness in the context of information acquisition.8 Nevertheless, it is
not straightforward how to extend the results in an equilibrium model.

Furthermore, the issue of (lack of) recognition complicates the welfare
analysis. Observe that the consumer surplus of a product defined above is
really an ex post concept for consumers who recognise the product, which
is not valid for consumers who do not recognise it. In fact, the preference
of the same consumer changes in accord with his recognition of the product
through advertisement, since the space on which the preference is defined
when he does not recognise the product is a subset of the space on which
the preference is defined when he recognises the product. In this sense,
advertising affects the preferences of the consumers, but this is not the same
as changes in tastes as the persuasive view claims.

Although it is common practice to measure welfare by ex post preferences,
we argue that it may not be that simple. While such a measurement may
be adequate in a partial equilibrium model, it may well not be the case in a
dynamical general equilibrium model. In such a model, an apparent mistake
due to the lack of recognition may result in a positive result. For example,
because of the lack of recognition of some products, a consumer made an
investment in a stock instead, although he would not have bought the stock,
had he recognised the products. If the stock yields a very high return, the
lack of recognition makes the consumer better off ex post. Hence, the welfare
analysis is not very trivial when the analysis involves unawareness, or lack of
recognition in general.

Another prediction the model provides is regarding relationship between
advertising and the R&D expenditures. In our model, each firm makes R&D
expenditures to win more consumers who recognise the products of both
firms. Hence, an R&D race takes place between the firms, while the ex-
tent of the competitiveness of the race is determined by the proportion of
consumers who recognise the products of both firms. Since the direct ad-
vertising effect increases the equilibrium recognition levels of the products,
it makes the R&D race fiercer, while the spillover advertising effect makes
the race less intense because it lowers the equilibrium recognition levels. The
same logic applies to the effect of the degree of diversity in tastes and/or the
product differentiation on the R&D expenditures; the model predicts larger

7Robert and Stahl (1993) describes a situation in which consumers proactively look for
advertisement by a search model. However, it does not capture a situation of unawareness.

8See Dekel et al. (1998) for a literature review.
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R&D expenditures when the consumers have more diverse tastes and/or the
products are more differentiated.

5 Conclusion

We have examined the direct and spillover advertising effects on an economy.
The results concerning the direct advertising effect is consistent with those of
Grossman and Shapiro (1984). Namely, a larger direct effect makes the envi-
ronment more competitive, i.e. lower prices and profits and higher demands.
On the other hand, the spillover effect provides incentives for the firm to sus-
tain a more monopolistic environment, i.e. higher prices and higher profits
and lower demands. Moreover, a larger direct advertising effect also enhances
R&D activities, while a larger spillover effect discourages them.

Although the analysis is based on a simple reduced form model, these
results are quite striking and insightful. While the development of the in-
ternet appears to enhance competition as well as R&D activities, our results
suggest that it may be the opposite if the internet magnifies the spillover ad-
vertising effects. Of course, the reality is far more complex than our reduced
model describes, and thus, the results need to be understood with care. Yet,
our results suggest that careful considerations are needed to design regula-
tions on the internet, since the implications are not necessarily intuitively
straightforward.
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A Proof of Proposition 4

∂π∗

∂a
=

∂π∗

∂p(k)
· ∂p∗

∂a
+

(
∂π∗

∂φk
+

∂π∗

∂φ(k)

)
· ∂φ∗

∂a
− ∂q∗

∂a

= (p∗ − c) · (φ∗)2

η
· ∂p∗

∂a
+ (p∗ − c) · (1− φ∗) · ∂φ∗

∂a
− ∂q∗

∂a

= (p∗ − c) · (φ∗)2(1 + φ∗)

2η
· ∂p∗

∂a
− ∂q∗

∂a
(apply equation (12))

=
φ∗(2− φ∗)(1 + φ∗)

2
· ∂p∗

∂a
− ∂q∗

∂a
(apply equation (9))

=
1

D∗

{
φ∗(2− φ∗)(1 + φ∗)

2
· 2(2− φ∗)η

G∗q∗
− t

2φ∗(a + b)
+

4tφ∗[a(1− φ∗) + b(2− φ∗)]

G∗(a + b)

}
=

η

D∗

{
φ∗(2− φ∗)2(1 + φ∗)

G∗q∗
− φ∗

2q∗(a + b)2
+

4φ∗[a(1− φ∗) + b(2− φ∗)]

G∗(a + b)

}
=

ηφ∗

D∗

{
2(2− φ∗)2(1 + φ∗)(a + b)2 −G∗

2G∗q∗(a + b)2
+ F ∗

}
=

ηφ∗

D∗

{
2(a + b)2(φ∗)3 − 3(a + b)2(φ∗)2 + 4(a + b)(2a + b)φ∗ + 8(a + b)2 − 4a2

2G∗q∗(a + b)2
+ F ∗

}
<

ηφ∗

D∗

{
2(a + b)2(φ∗)3 − 3(a + b)2(φ∗)2 + 3(a + b)2φ∗ + 8(a + b)2 − 4a2

2G∗q∗(a + b)2
+ F ∗

}
=

ηφ∗

D∗

{
2(a + b)2(φ∗)3 + 3(a + b)2φ∗(1− φ∗) + 8(a + b)2 − 4a2

2G∗q∗(a + b)2
+ F ∗

}
< 0,

where

F ∗ =
4[a(1− φ∗) + b(2− φ∗)]

G∗(a + b)
> 0.

Similarly,

∂π∗

∂b
=

∂π∗

∂p(k)
· ∂p∗

∂b
+

(
∂π∗

∂φk
+

∂π∗

∂φ(k)

)
· ∂φ∗

∂b
− ∂q∗

∂b

= (p∗ − c) · (φ∗)2

η
· ∂p∗

∂b
+ (p∗ − c) · (1− φ∗) · ∂φ∗

∂b
− ∂q∗

∂b

= (p∗ − c) · (φ∗)2(1 + φ∗)

2η
· ∂p∗

∂b
− ∂q∗

∂b
(apply equation (13))

=
φ∗(2− φ∗)(1 + φ∗)

2
· ∂p∗

∂b
− ∂q∗

∂b
(apply equation (9))

> 0,
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and

∂π∗

∂η
=

∂π∗

∂p(k)
· ∂p∗

∂η
+

(
∂π∗

∂φk
· ∂φk∗

∂q(k)
+

∂π∗

∂φ(k)
· ∂φ(k)∗

∂q(k)

)
· ∂q∗

∂η

= (2− φ∗)φ∗
∂p∗

∂η
+

[
(p∗ − c) · 2− φ∗

2
· b

2φ∗
− (p∗ − c) · φ∗

2
· a

2φ∗

]
· ∂q∗

∂η

= (2− φ∗)φ∗
∂p∗

∂η
+

2b− (a + b)φ∗

2a− (a + b)φ∗
· ∂q∗

∂η
(apply equation (10))

= (2− φ∗)φ∗
∂p∗

∂η
+

2b− (a + b)φ∗

2a− (a + b)φ∗
· G∗q∗

4a
· ∂p∗

∂η

= (2− φ∗)φ∗
∂p∗

∂η
+

[2b− (a + b)φ∗][2a− (a + b)φ∗]q∗

4a
· ∂p∗

∂η

=
4a(2φ∗ − (φ∗)2) + 4abq∗ − 2(a + b)2φ∗q∗ + (a + b)2(φ∗)2q∗

4a
· ∂p∗

∂η

=
[(a + b)2q∗ − 4a](φ∗)2 + 2[4a− (a + b)2q∗]φ∗ + 4abq∗

4a
· ∂p∗

∂η

=
[(a + b)(φ∗)2 − 4a](φ∗)2 + 2[4a− (a + b)(φ∗)2]φ∗ + 4abq∗

4a
· ∂p∗

∂η

=
[4a− (a + b)(φ∗)2]φ∗(2− φ∗) + 4abq∗

4a
· ∂p∗

∂η
> 0. �
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