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Assumptions on competitive structure is often crucial to estimate marginal costs and to obtain
counterfactual predictions. In this paper, tests for price competition among multi-products firms
are introduced, which is based on firm’s revealed preference (or, revealed profit). In contrast to
other approaches based on estimated demand functions such as the conduct parameter estimation,
it does not require any IVs. Simulations show that the competitive structure itself might put tight
restrictions on data even if data is a small panel consisting of 6 products and 3 periods. In this paper,
I employ a class of demand structure introduced by Nocke and Schutz (2016), discrete-continuous

model, which nests the multinomial logit demand and CES demand functions.

1 Introduction

In the literature of Industrial Organization, we often assume specific competitive structures, such
as price competition or quantity competition. Sometimes, such a competitive structure is crucial
in empirical research. For instance, we often back out marginal cost from the first order conditions
based on estimated demand functions. Results of counterfactual analysis, which often provides the
main policy implication in research with structural models, also depends on the assumed competi-
tive structures. Even though we can obtain estimates of parameters in a structural model, which
fits to data the best, it is still possible that the structural model itself does not fit to the data. In

other words, data might not be rationalized by any possible parameters. Furthermore, it might not



be rationalized by any realizations of structural error terms. In this paper, I provide a systematic
way to detect data which is inconsistent with price competition among single /multi-products firms
under a class of demand structure introduced by Nocke and Schutz (2016).

For consumer’s behavior, Afriat (1967) shows that finite data satisfies GARP if and only if it
is rationalized by utility maximization given a price vector. In other words, if the data violates
GARP, then it cannot be explained by any (locally non-satiated) utility functions. Brown and
Matzkin (1996) extend this idea to the general equilibrium framework. Carvajal et al. (2013) apply
the idea to Cournot competition, and show that the Cournot rationalizability can be checked by
the existence of parameters which satisfy some conditions. Carvajal et al. (2014) introduced a
few variants of Carvajal et al. (2013); a test for multi-products Cournot competition, and a test
for a price competition in a differentiated market. However, for the price competition, they focus
on a competition where each firm produces a single product, while price competition with multi-
products firms are often examined in the empirical 1O literature (e.g., Berry et al. (1995), Goldberg
(1995)). One of the main difficulties to extend Carvajal et al. (2014)’s test to competition among
multi-products firms arises from substitution effects among products produced by the same firm
(or, cannibalization effects). We can circumvent such a difficulty by employing an important class
of demand structure, discrete-continuous model introduced by Nocke and Schutz (2016), which
nests the multinomial logit demand function and CES demand function as special cases.

In order to test the competitive structure, we can also estimate the conduct parameter. Bresna-
han (1982) shows that we can identify the conduct parameter in an industry if there are rotation
of demand functions over time. (See Bresnahan (1989) for estimations and its applications.) Alter-
natively, if we have data on cost structure, we could compare marginal costs backed out from the
model and the actual cost data since different competitive structures give different FOCs, which
returns different estimates of marginal costs (e.g., Wolfram (1999)). The revealed preference test
examined in this paper provides an alternative approach with advantages and disadvantages. First
advantage is the revealed preference test in this paper does not require any IVs while both the
estimation of conduct parameter requires appropriate IVs and the approach by Wolfram (1999)
also requires IVs to consistently estimate demand functions, which is used to estimate marginal

costs. The reason why we don’t need IVs is that demand functions are assumed to be know to



each firm (but not to econometrician).! As long as the firms’ maximize their own profits (known
to themselves), it puts some data restrictions. It is analogous to Afriat (1967)’s theorem which
characterize data restrictions satisfied as long as consumers maximize their own utility (known to
themselves, but not known to the econometrician). Second, we only need market level price and
quantity data, but not other characteristics, to implement the test. Therefore, this test can be used
as a pretest /sanity-check before detailed estimation.

A disadvantage is that the test is a joint test of competitive structure and demand/cost func-
tions. Therefore, rejection of the model might imply other types of competition under a discrete-
continuous demand structure, price competition under other demand functions, or other compe-
titions under other demand functions. Even though discrete-continuous model includes the logit
demand function and CES demand function as special cases, it also has ITA property. Therefore,
the main theorem in this paper does not hold for random coefficient logit model (e.g., Berry et al.
(1995)). Another issue is that cost functions are assumed to be constant over time, which can be
arbitrary convex functions. Therefore, the test should be implemented for short panel data where
cost structure is not supposed to change during the range. In practice, if a researcher have a long
panel data, then data can be cut into many short panels, the test can be implemented to each
short data, and the rejection ratio can be reported. It is worth noting that even if data is as short
as 3 periods, the model can put very tight restrictions especially when each firm produces many
products. It is exemplified in simulations in Section 3.

The remaining of the paper is organized as follows. In section 2, I introduce the model and state
the main results. In section 3, I examine the performance of the test introduced in the previous

section. I summary in section 4.

2 The model

In this paper, I consider a standard framework for a competition in a differentiated market, where
each firm produce different products. Each products can be similar but not completely same. We
assume that demand functions can change over time, potentially because of change in consumer’s

taste or product’s characteristics (which might be observed or unobserved by the econometrician). I

In other words, this test is robust to an unobserved heterogeneity as long as demand is assumed in a class of
discrete-continuous model.



denote J = {1, 2, ..., J} as a set of products and Q;; : RJJr — R4 as a demand function of product
jeJattimet € {1, .., T}. The demand is assumed to be in a class of discrete/continuous model
explained later. Firm f produces a set of products J; C J s.t. JyNJy = ¢ for f # g and denote
Jy = |Jf|l. A cost function of product j € J, C; : Ry — R, is assumed to be convex and twice
continuously differentiable. In this paper, I focus on time-invariant cost functions, which plays the
similar role as time-invariant preference in Afriat (1967).2 Then, the profit function for firm f at
time t is written as my; = Zjejf {Qjt(p)p; — C;(Qjt ()}

In the following, I mainly utilize the FOC of the profit functions and cost convexity to de-
rive testable data restrictions, which should be satisfied regardless of the level of parameters and

structural error terms. Using the profit function defined above, FOC w.r.t. p; is written as

an,t (p) .
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2.1 Example: Logit Demand Function

Before going to the main result with a general specification, I exemplify that some data cannot

be explained by price competition with the logit demand function, which is a special case of the

discrete/continuous model. By using the logit demand function, Q;; (p) = M;7 +Ze§;p§§(;,zp—jgpkt) for

some My, a € Ry and (vjvt)jej € R’, the first order condition is rewritten as;

0 = Qji(p) —{pj —C},(Qj: (p) } aQjs (p Z{pk Cri (Quy (p }7@1“ (p) Qj: (p)

kGJf

By rearranging it, we obtain the following equation;

it (Qie (p) = 0“"72{]%—01” Qi (P)} Qe (p)

kEJf

Here, RHS is common among goods produced by the same firm. Therefore,

p; — Cj1 (Qjt () = i — Chy (Qt (p)) (1)

2Carvajal et al. (2013) also provide a revealed preference test with a cost shifter common among all products,
and Carvajal et al. (2014) provide a revealed preference test with some observed cost shifters. They are potential
directions of the future research.




Figure 1: Example: Logit Demand Function

Those two should be the same

The model requires those two to be the same,
but data cannot satisfy it.

for any j, k € J;. By combining with the increasing marginal cost assumption, it rejects the
following data ; (pjr, qj,T)j:LQ’T:&t sit. {1,2} C Ty, p1,s > D1, P2,s < D2ty Qs < qiyt, and go ¢ >
q2,¢+ (see Fig. 1). Suppose that data satisfy eq.(1) at time s. Then, if marginal costs are increasing
in own quantity, then p1y — C1, (q1e) < prs — Ol (q1,s) = p2.s — o5 (a2.5) < P2y — Oy (q2t)-
Therefore, eq.(1) is not satisfied at time ¢. Thus, this data (pjr, ¢j;r);—1 5 ,—,, cannot be explained
by (a repetition of static) price competition under logit demand functions. It means that this data
cannot be explained by any sets of parameters including demand parameters and non-parametric
cost functions.

There are two important features of this result. First, the rejection or acceptance is not proba-
bilistic even if the model has (only) the structural error term in the logit demand function. When
we estimate logit demand functions from aggregate data, v;; is decomposed to v;; = x;-’tﬁ + &t
where x;; is a vector of product j’s observed characteristics, £ is unobserved characteristics, and
B is a vector of parameters. In the logit demand estimation, ;; is treated as a structural error
term. However, eq.(1) should be satisfied regardless of the realization of §;; as long as firms are
competing in prices under logit demand functions. (Recall that I did not put any assumptions on
vjt-) This is because the realization of (§;1) ;. ; is assumed to be known to each firm (but not to
the econometrician), which is often assumed in the literature of empirical 10.

Second, the above data is not rejected by the logit demand assumption alone, but it can be

rejected if combined with price competition and cost convexity. For any data (pj ¢, ¢;,¢) j—12 8t each



t, we can back out the corresponding (v; ;) jed by the inversion of market share function as in Berry
(1994). If we only assume logit demand function, any changes in data over time can be captured
by changes in (vj,t)j .7 over time. On the the hand, if we also assume price competition and convex
cost function, then eq.(1) and the increasing marginal cost provide the restrictions over time.

In the following part, I provide a set of inequalities as a systematic way to detect data inconsis-
tent with price competitions, and show that such conditions are actually sufficient for rationalization
by the price competition. Instead of the logit demand function, I employ a class of demand functions

by Nocke and Schutz (2016), which nests the logit demand function and CES demand function.

2.2 Discrete-Continuous Demand Function

In the following, I employ the discrete-continuous demand function introduced by Nocke and Schutz
(2016), where the demand function for product j is written as Q; (p) = m% where h; (+)
is decreasing and log-convex for every j and m is a positive constant. An important example of this
demand function is the logit model, where h; (p;) = exp (v; — ap;) and m = M /o where vj € R is
the value of goods j, a > 0 is a coefficient for prices, M > 0 is the size of the market, and hg is the

exponentiated value of the outside option. >

In this paper, I utilize the fact that we can express the partial derivatives of discrete-continuous

demand function in a simple form;

2
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3 As discussed by Nocke and Schutz (2016), discrete-continuous model with the outside option can be normalized

to discrete-continuous model without the outside option, Q; (p) = m%, by letting hj (p;) = Lho + hj ().
kel

In this paper, ho is explicitly denoted just to explain intuition of the results in later parts.



and
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It is worth noting that m;— — Qj+ (p) is positive because of the log concavity of h; (-).

By using the above expression, the FOC is written as follows;

/ 0Qk, (p) 1
0 =1 E -C :
+ kejf {pk k.t (Qk,t (p))} 8]?] jS (p)
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Therefore, if the data {p, ¢} is generated by the price competition with (unknown) discrete-

continuous demand function, there exists ¢, dj¢ s.t.

0=ms —{Dj — &jt} meajs + Z {Pr — 05t} et (2)
k‘GJf

which corresponds to h' f’(’; )) and CJ’- (Gjt), respectively.

On the other hand, since d;; corresponds to Cj (gj,¢) and C7 (-) is assumed to be increasing, d;

must be higher than §; s (s # t) if g;+ is larger than g; . This is summarized as an inequality;

0 < (85,5 — 05.t) (Gj,s — Tjit) - (3)

By combining eq.(2) and eq.(3), we can obtain a set of necessary conditions. Furthermore, it turns
out to be also sufficient conditions for data to be rationalized by price competition. It is summarized

in the following theorem.

4The log-concavity implies

rY (p) —h%(p) —h';(p)
W R ® (> RS hk<p>)



Theorem1 (Discrete-Continuous): The set of observations {p, ¢} is Bertrand rationalizable
under convex cost function and discrete/continuous demand function if and only if there are

real numbers o, d;¢, my for any ¢t € T and j € J, such that the following holds;

1. Qg > 0, 53'715 >0, my > 0;
2. 0=my —{pj; — 0} mucyj; + Zkle {Pkt = Okt} Gr.e; and

3.0< (5]-7,5/ - 5j,t) (ij,t’ - qJ,t)'

The first set of conditions comes from underlying specifications of demand and cost functions;
aj¢ > 0 comes from an assumption that h; is decreasing and log-convex, ¢;; > 0 comes from
increasing cost functions, m; > 0 comes from the assumption that quantity of each goods are
non-negative. The proof of sufficiency consists of two steps. First, I re-construct demand and cost
functions from o;; and d;; which satisfies the conditions. Since the demand and cost functions

W (B
are re-constructed to satisfy _}Jl;t(f];?) = aj; and C; (Gjt) = 64, data p and ¢ satisfies FOC under
5,t\Pj

re-constructed demand and cost functions. In the second step, I show that the FOC is a sufficient
condition for profit maximization given other firms’ prices. It is not trivial since the profit function
does not satisfy quasi-concavity. In this paper, the sufficiency is proved by the unique solution of
FOC, which comes from the unique “common ¢-markup” and a mapping from ¢(-markup to price
vectors as in Nocke and Schutz (2016). See the Appendix for the full proof.

It is worth noting that the second condition is not linear in general because of an interaction
of 0, and «;; in contrast to Carvajal et al. (2013, 2014). It prevents us from using algorithms for
linear programming. To implement the above test, we can consider an algorithm similar to moment
inequalities. (See Section 3 for more details.)

Since the logit demand function can be represented as a special case of discrete-continuous

hi i) . (ok)
—=h’; (ps) —hj, +(pr)

corollary can be obtained easily.

choice where = ay for all j,k € J and for all p;j, pr € Ry, the following

Corollaryl (Logit): The set of observations {p, ¢} is Bertrand rationalizable under convex cost
function and logit demand function if and only if there are real numbers oy, d;;, m; for all

t €T and j € J, such that the following holds;

1. ozt>0,5j7t>0,mt>0;



2. 0=my —A{pj — ¢} mucs + 3 pe s, APk — 05} Qs and

3.0< (80— 654) (G — G1)-

It is worth noting that the above logit function allows the price coefficient a; to vary over time.
Another version of the corollary with constant o can be also obtained by replacing «a; to « for all
t in the above statement.

In the logit specification, we can interpret the revealed preference test in comparison with
an alternative procedure to check the competitive structure. Usually, a parameter of demand
function, «, is estimated from aggregated data, and §’s are backed out from the first order condition.
Potentially, we could check whether the obtained &’s are reasonable or not. Corollary 1 implies the
similar procedure without the estimation of . It check the monotonicity of § recovered from any
possible & > 0. Potential advantage of such a test is that the test is robust to any endogenous
quality since FOC should be still satisfied as long as firms know the quality even if it is unobserved
to the econometrician.

As discussed in Subsection 2.1, the rejected data cannot be explained by a peculiar realization
of some random components §;;, and any data can be rationalized if we only assume the logit

demand function, but not price competition and increasing marginal costs.

2.3 More Strict Test with Additional Assumptions

Even though the above results provides some non-trivial constraints, the rejection power of Theorem
1 is not so strong as we can see in simulations in Section 3. We can obtain a more strict test
by combining the demand assumption introduced by Carvajal et al. (2014). Even though it is
straightforward that the additional assumption in the model provides additional constraints in
data, it is less clear that discrete-continuous demand function and the additional assumptions
have a non-empty intersection and that we can re-construct a demand system which satisfy both
conditions.

In order to define the additional restrictions, I introduce some notations first. Denote €;; (p) :

R;’r — R as the relative decrease in the demand of good j at time ¢ in response to an infinitesimal



increase in its price. That is, given the demand function @);; for good j at time ¢ ,

_0Qj,t (pj, p—j) 1
op; Qjt (p)

€jt (p) =

Therefore, the own price elasticity is expressed as pjej; (p).

Then we can define the following properties of demand functions.

Definition: A system of demand functions satisfies co-evolving property if, for any s and t€ T,

either

ejs(p) > €i(p) forallp € RY and all j € 7, or (4)

¢js(p) < €i(p) forallpe R and all j € J (5)

The co-evolving demand property is introduced to capture an idea of common demand shock in
Carvajal et al. (2013), which is a key component to obtain non-trivial restriction on data in their
work. As we can see in the above equations, if a relative slope of demand is higher for firm j in a
market ¢, then so as for other firms k # j. In other words, we can construct a common order of
demands over 7 according to the relative slopes for all firms.

The power of the co-evolving property is emphasized in a single product example. Consider the
same prices and quantities as the previous example, but two goods are produced by different firms;
(Djyrs Qi) jmr 9, 7msp S0 T =A{1}, T2 =A{2} , prs > D1, P2,s < P2t q1,s < qQuts and gas > o (see
Fig. 2). Since two goods are produced by different firms, eq.(1) is no longer satisfied. However,
the co-evolving property gives us an alternative restriction. If they are single product firms, the
FOC is re-written in the following form; p; — C}, (Qj+ (p)) = 1/€j+ (Pjt). Since the marginal
costs are increasing, we can obtain the inequality about the profit margins; 1/€1 s (ps) = P1,s —
C15(Qus (Ps)) > pre — C1 4 (Que () = 1/e1s (pe) for firm 1. Similarly, we also have 1/ea s (ps) <
1/€e2s (pt). Therefore, the data implies €5 (ps) < €1, (pr) and €24 (ps) > €2+ (pr). By combining
a property that € (-) is non-decreasing in own price and decreasing in other’s price, we have
€15 (p) < €1, (p) but €15 (p) > €14+ (p), which is a contradiction to the co-evolving property. In the
following, I refer €, (-) non-decreasing in own price as log-concave, and €;; (-) decreasing in other’s

price as substitutable, following to Carvajal et al. (2014).

10



Figure 2: Example: Rejection by Co-evolving Property

pal P2 .
time t
(] time s
time s
time t
C;
Prs—Cls O\‘o Mc,
=1/e14(Py) -
1/&1,:(pe) 1/€,:(pe)
1/82,5 (ps) '
q1 Q2

Before going to a proposition, I exemplify that the discrete-continuous model and co-evolving
property have a non-empty intersection. In the multinomial logit demand, the co-evolving property
is satisfied when vj; and vy, move similarly over time. Since the logit demand function (with common
My over t) requires €j; (p) = o — §7Qj¢ (P), €t (p) > €js (p) holds if and only if Qi (p) > Qjs (p)
holds. The co-evolving property under the logit demand function requires Q;; (p) > Qs (p) if
and only if Qr+(p) > Qs (p). It can be satisfied when the change of relative value of outside
option dominates the change in demand functions. Thus, there is a non-empty intersection of

! (p;)
j \Pj . . .
1S non—decreasm n 1
—h(p)) g Pj,

the two property. Log-concavity (of Q. (p)) is also satisfied if
and substitutability is always satisfied in discrete-continuous model. In the following proposition,
I combine the discrete-choice model and the co-evolving property to derive a set of necessary

necessary conditions of data to be rationalized by price competition.

Proposition 1: The set of observations {p, ¢} is Bertrand rationalizable under convex cost func-
tion and discrete-continuous demand function with log-concavity, and co-evolving only if there
is a permutation of 7, denoted by the function o : 7 — T, and real numbers o, d;¢, m; for

all s, t € T and j € J, such that the following holds;

1. Qg > 0, (5]'7,5 >0, my >0
2. 0=my — {pj — 0t} My + Zkle 1Pk — 05t} Qrts
3. 0< (00 — d5¢) (G — Gje); and

11



4. if iy > Pjs, P—ju < P—js and o (t) < o (s), then o —m; 'Gjy < ajs — m3 G

See Appendix for the proof.
The last condition comes from the co-evolving property and log-concavity, which characterize

the common order of €j; (p) over time. Under the discrete-continuous demand model; €;; (p) =

BB
_hg,t(ﬁk)

order of €j; (p) (if there exists). In this proposition, I proved only the necessity of the conditions. For

m;lQLt (P) = aji — mgl(jﬁ. The permutation o is constructed to provide the common

the proof of sufficiency, I need to re-construct demand functions satisfying both discrete-continuous

structure and co-evolving property from any parameters satisfying the conditions 1-4.

3 Implementation and Simulation

3.1 Implementation

In the tests I introduced in this paper, I need to check the existence of a set of parameters which
satisfies all inequalities defined in each test. In contrast to Carvajal et al. (2014), constraints are
not linear in parameters. Therefore, we cannot use a technique in linear programming. ® Therefore,

I consider a criterion function similar to that for moment inequalities;

QU:p.0) =Y ((9(0:p.2) )

for a vector of inequalities 0 < g (6; p, 7). I accept the model if and only if the minimized criteria is
(close to) zero. If the data is rationalized by the price competition, deviation of criteria from zero
should be only from computational errors since all the conditions should be satisfied for sure (i.e.,
the criteria can achieves exactly zero) . In the following simulation, I accept the model if and only
if the criteria is less than 17, Even though common minimization function such as ’fminsearch’
or ’fminunc’ in MATLAB cannot characterize the whole set of parameters which satisfy inequalities
(because the criteria would be flat for such a set of parameters), it is enough for our purpose to

find one parameter which satisfies the inequalities if there exists.

SFor instance, we can just run ’linprog’ in MATLAB to check the existence the parameters if constraints are linear
in parameters.

12



3.2 Simulation

In this subsection, I examine performance of the revealed preference tests in simulated data. In the
simulation, I first generate a set of prices and quantities (p, ¢) from FOCs under the logit demand
functions and quadratic cost functions, given a set of parameters. Next, I perturb the obtained price
and quantity. In this exercise, the perturbed data is generated by U ((1 — a) pj¢+, (1 + a) p; ) and
U((1—a)gj, (1+a)g;) foreach j € J and t € T, where 0 < a < 1. The draws are independent
between price and quantities and over j € J and t € T. For each specification and each parameter
value, I generate such perturbed data 100 times and report the rejection ratio. We can expect that
the test rejects more data when we increase a since the generated data deviates from original p
and ¢ more largely. Such a tendency is observed in Table 1. Even though the increase of rejection
ratio in a is observed in most specifications, some specifications slightly violate this pattern. It
is considered that, in some simulation, the minimization procedure stuck at a local minimum and
reject a simulated data falsely. More stable implementation procedures are wanted to implement
this test. In this exercise, the rejection ratio can be substantially larger for the simulation of single
product competition than that for multi-products case (e.g., comparison between competition of
single product by each firm and that of two products by each firm). It still is reasonable since, if
firms add products, different true prices and quantities can be generated given the same parameter
values.

To capture effects only from increase of the number of products, I also run an exercise where
the first, second, and third goods of a specific firm are the same (but they can be different over
periods, and different for different firms). In Table 2, it is shown that additional goods with the

same value as the existing goods provides more restrictions.

4 Summary

In this paper, I modify a test for Bertrand assumption introduced by Carvajal et al. (2014), and
made it implementable for Bertrand competition among multi-products firms. To deal with dif-
ficulties caused by cannibalization effects, I employ the discrete-continuous demand function in-
troduced by Nocke and Schutz (2016), which includes the multinomial logit demand function and

CES demand function as special cases. In the main theorem, I provide the necessary and sufficient

13
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condition for data to be rationalized by Bertrand competition among multi-products firms under
the discrete-continuous model. The test is implementable without any IVs, and the rejection by
the suggested test deterministically implies misspecification of the model rather than peculiar re-
alizations of structural error terms. The simulated data show that the model itself can provide a
tight restriction on observed data especially if each firm produces many products. Even though the
conditions obtained in the main theorem is necessary and sufficient conditions, an implementing
procedure suggested in the paper seems unstable. Elaboration of the implementation procedure is

wanted in the future research.
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Appendix

Proof of Theorem 1. For sufficiency, it is enough to construct cost functions and demand
functions for each firm which construct a profit function maximized at p;¢, q;:.

First, consider the re-construction of demand function. If data satisfies the restriction defined
h;‘/,t(ﬁj,t)
—h} (Dj.¢)
where h;; : R4 — R composes the true data generating process. In the reconstruction of demand

: . = R, (p; L
functions, I consider h;; : R — R s.t. % = «ajy for all p; € Ry. This is an analogous
,6\Pj

of the construction of utility function in Afriat (1967), where the gradient of utility function is

in Theorem 1, we should be able to find «;; which corresponds to for each observation,

. Y (p;
assumed to be locally constant. Since the constant }—Lf’tg? ;
5, \Pi

as CARA function with risk averseness o+, hjt (p;) = exp {vjs — ajip;} for some vj;. Then, we can

implies that h; (pj) can be represented

=m M) 1y -3t CXPvj e —agep;}
CHo+3 s het(py) tHot - €XP{0kt— 0Dy

the reconstructed demand function as @, (p) in order to distinguish from the demand function in

construct a demand function, @, (p)

T Here, I denote

true data generating process, @ (p). Now, v;; can be chosen to satisfy a system of K equations;

jiCXP{vji—aiPje}
UHo+3", €XP{oge—akibje}

gj¢ for all j, in the same way as the inversion of share function in logit
specifications discussed in Berry (1994).

Since (0j¢, gj¢) satisfies co-monotone property, we can use monotone cubic interpolation to re-
construct increasing and continuously differentiable C’ (). Then, we can re-construct C (q) =
Jo' €' (z) dz, which is convex and twice continuously differentiable.

The remaining step is to prove that (p, ¢) is an equilibrium under reconstructed demand and
cost functions. Since the re-constructed profit function is continuously differentiable, FOC must be
satisfied at the optimal price. Therefore, it is enough to show that there is the unique solution of
FOC for each firm given other firms’ strategies. To show that, I use the common (-markup property
examined in Nocke and Schutz (2016). The following part is closely related to the proofs in Nocke
and Schutz (2016) (especially, Lemma F), but there are a few differences. First, we don’t need to
prove the existence of the equilibrium since we already have data as a candidate of equilibrium.
Therefore, we just need to show that those data can be an equilibrium. Second, we consider more

general cost specification than Nocke and Schutz (2016). It complicates the inversion from puf to

SCarvajal et al. (2013, 2014) re-construct a cost function as an upper envelop of linear cost functions, whose slope
is determined by d;,¢’s. Instead, in this paper, I use cubic interpolation to have the differentiability, which is necessary
to invert -markup.
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price vectors since marginal cost is not a constant, but a function of quantity of the product. Third,
the re-constructed demand function is a special case of the demand function in Nocke and Schutz
(2016). Therefore, we can circumvent a difficulty from a general cost function by specifying shape
of the demand function.

In the following, I omit the subscript for time t since I consider repetition of static NE and

the following logic is applied for each . Then, I denote the reconstructed demand function as

= —Blv(l?‘) o €XPivj—aip; 7 7
Qi (p) = mprst iy = M Sy 2nd B (k) = —agexp {u; — asp}, B (pr) =

b (pr)
—h;(px)

firm given other firm’s strategy, let denote hg + Zkngf hy (pr) = Ho and Jy = {1, ..., n} without

a?exp {v; — a;p;}, and = «;. Since we now consider a maximization problem of a specific

loss of generality. By the FOC, we have the following for any j

o h . _ _ _
{r; = C5(Q; ()} ZQZ) =1+m™ ) {pe = G (Qu ()} Qn () ©)

Since RHS is same for any j € J¢, the solution of system of equations defined by (6) for any j € Jy

satisfies

vi (p) = {p; = G} (Q () } oy =

forany j € Jy. Let v (p) = [11 (), .., vn (P)]'. Then, p = v~ (1pf) =r (uf) = [ (0) i (,uf)]/

at the solution of (6). Then, we can rewrite the condition (6) as

o= 1+m ™ty {Tk (Mf> ~ Gy, (7“ (“f>>}Qk (T <“f))

- et o) - () )
= 1+m‘1ufk§;]€@k (’” (“f)>
0 = 1447 mlz;QkO(,uf))—l Ew(,uf)

k?EJf

Then, the uniqueness of the solution of FOC is proved by strict monotonicity of i (,uf ) Again,

the existence of the solution can be omitted since the data satisfies FOC by the construction of
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(Qj (), C; ('))jle . By taking a derivative w.r.t. u/

V(W) - T penlacant)

ve7, Ho+ X exp {u — aurt (1)}

<0

_ 1 9Q (p
ol 30 2 BB ()
keJdy k_p,_/\“/—/
1xn nx1

=A

It is enough to show that A < 0.

1 17 0Q (p) Ov~—1 (m)
_ f 1 _ .
A = um [041, - an] op/ ’p:p om’ ‘m:luf\ X;
~N~ n
1xn nxn nxn

_ ~19Q (p)
1 1
= ,Ufm \].///A ap/ ‘p=p am/ ’m:luf ~—
1xn N——— nx1
nxn nxn

=B

where A = © ..t |. Since uf > 0 and m > 0, it is enough to show that B is negative

semi-definite.

In order to consider derivatives of v~! (m), we first consider the derivative of v. Recall that

vj(p) = {pj — C’]‘ (Q] (p)) } a;. then, partial derivatives are;

al/k (p) = o (1 " (Qk (p)) an (p)>

Opk Opk
vy, (p) oQx (p)

8pj = —akc” (Qk (p)) 8pj
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Then,

where T (p)

v (p)

¢ (@ (p) 75,

= AT -

op’
¢ (@Qu(p) PG (Qulp) Hg P
9 (p)

= A{I—F(p) op’ }
¢ (@1 () 0

: . Then,

- (Qup))

5 _ a19Q@) or(m)

8p’ |P:P om’ |m:1p,f

A—laQ (p)| B |:6V(p)| :|_1
op’ p=p op’ pP=p

p
_1\ 1 1
0
aglg)) |pp> ) {[ - T (p) Caglglp) } A—l

o) () )
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Now, B is negative definite as long as a(gr(,?) is negative semi definite;

Q) fam— Qi )} mQu () Q2 () - mQ1 () Qn (p)
oQ (p) _ m~1Q1 (p) Q2 (p) —m Qa2 (p) {eam — Q2 (p)} m~1Q2 (p) Qn (p)
op’ : :
m~'Q1 (p) Qn (p) m~'Q2 (p) Qn (p) o =m T Qn (p) {anm — Qn (p)} |
| —Q1 (p) {arm — Q1 (p)} Q1 (p) Q2 (p) e Q1 (p) Qn (p) ]
_ Q1 (p) Q2 () —Q2 (p) {azm — Q2 (p)} Q2 (p) @n (p)
Q1 (p) Qn (p) Q2 (p) Qn (p) o =Qn (p) {awm — Qn (p)} i
Q1(P)Q1(p) - Q1(p)Qn(p) a1Q1 (p) --- 0
_ m_1 . . . —-m . . .
Q1 (p) Qn (p) o Qn (p) Qn (p) 0 o anQp (p)
Then,
1@ (p) - 0
/8Q(p)$ _ x—mx . .. : T
0 o anQn (p)

= m { Zmz me?aiQi}
= m- (Zaz,@,) —mflztf@?—i—m*lZmﬂzQQ Z:c o; Qi

= —m! {Zw?@f — (Zszz> } —m~! {Z%ZQZ (may — Qz)} <0

>0

>0

1
Then, _3(%?7;?) is positive definite, so as <_3§r()§>)) . Therefore, T (p) — (8(%2;()1))

-1 )
:*) 18
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positive definite since I' (p) is a diagonal matrix with positive components. Therefore,

-1
©’Br = —z/A71 (F(p)(agé}))b:f,) ) Atz

Therefore, B is negative definite, which gives 1)’ (,uf ) < 0.

Proof of Proposition 1:

For Proposition 1, we need to derive the last condition as a necessary condition.

By co-evolving property, we can find a permutation such that o (t) < o (s) implies € (p) <
€js (p) for all j € J and for all p. Then, if p;; > pis, P—it < P—is and o (t) < o (s), then
ot — mflq_j,t =€t (Djt, P—jt) < €5t (Djs, D—jt) < €j.s (Djss P—js) < €j.s (Djss P—js) = QAjs — ms_lcfj,s-

—1- —1=
Thus, ajr —my "Gjt < s —myg s O
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