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Abstract

In this paper, we study revenue maximizing mechanisms in dynamic environments. Es-
pecially we focus on the mechanisms which extract the full surplus. In order to extract
the surplus, we have to (i) implement the efficient allocation rule, and (ii) retrieve whole
the surplus and incentive payment. We show that intertemporal correlation between
signals is crucial for both of these two requirements. Given the dynamic version of
full rank condition proposed in this paper, we can construct a mechanism which is
(within-period) ex post incentive compatible, individually rational, and extracts the
whole surplus. Fortunately, this rank condition is weaker than the one in a static en-
vironment. Full surplus extraction might be possible even when state distributions are
conditionally independent for all periods, or when we have “independent types” in the

dynamic sense for most of periods.

KEYWORDS: Dynamic mechanism design, perfect Bayesian equilibrium, revenue maxi-

mization, full surplus extraction.

1 Introduction

In this paper, we study revenue maximizing mechanisms under dynamic information envi-
ronments with discrete state spaces. Especially, we focus on mechanisms which extract the
full surplus. In order to maximize the revenue, the mechanism designer may have to imple-
ment an inefficient allocation to reduce the information rent. However, if the mechanism
designer can implement the efficient allocation rule without leaving any information rent
to the agents, it is definitely the best outcome for the mechanism designer who wants to

maximize his revenue.
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Unfortunately, full surplus extraction is not always possible. For a static independent
and private value auction problem, Myerson (1981) shows that the allocation of the revenue-
maximizing mechanism is different from the efficient one. Furthermore, Myerson and Sat-
terthwaite (1983) proves that the mechanism designer has to subsidize the agents in order
to achieve the efficient allocation in bilateral trade problems. In these cases, the mechanism
designer should leave information rent to give each agent an incentive to report his private
information truthfully. When we have interdependent values, i.e., one agent’s valuation for
the object depends on the other agents’ private signals, even the efficient allocation itself
might not be implementable (for example, see Example 10.1 in Krishna (2002))!. Crémer
and McLean (1985, 1988) shed light on the necessary and sufficient condition for full surplus
extraction. They prove that in static problems with private values, if the agents’ private
signals are mutually correlated (satisfy the full rank condition), existence of a mechanism
which extracts the whole surplus is guaranteed.

Should we give up full extraction when this condition fails, for example, agents’ signal
are distributed independently at the time of allocation problem? If we extend the scope of
examination to dynamic environments, we still have a chance to extract the whole surplus.
In order to get intuition for this, it is helpful to reconsider the meaning of “independent
types.” When all the stake holders of the allocation problem are truly blind to the common
shock factors, agents’ valuations must be correlated. For example, consider a used car
auction. Consumers’ reservation prices for the car is correlated if quality of the car has not
been completely revealed. If the detail of the selling object, which is called common shock
factor here, is uncovered, the remaining factors which determines each consumer’s valuation,
e.g. preference for color, size, design, etc. are private, so we can interpret this situation
as a problem with independent types. Taken together, it is inevitable to leave information
rent after all the common shocks are unveiled, however, if we can require agents to report
their signals before it happens, it is possible to utilize the correlation lying there.

As a matter of fact, many real-world allocation problems are dynamic, and the mech-
anism designer may realize a desired outcome by making use of this dynamic nature. In
dynamic information environments, each agent’s state evolves over time, depending on the
sequence of allocations and state profiles. In this case, even if the state distribution is
independent conditional on the history, i.e., agents’ signals does not have any correlation
within period, one agent’s today’s signal might be correlated with another agent’s tomor-
row’s signal. Naturally we may apply Crémer-McLean scheme here and reveal each agent’s
true state without leaving information rent.

Fortunately, the rank condition needed to construct a dynamic version of Crémer-
McLean mechanism is substantially weaker than the one in static environments. In a
classical one-shot allocation problem, its probabilistic structure is simple so that the only
object which might be correlated with a agent’ signal is the other agents’ ones (in the same

period). On the contrary, because of complexity of the dynamic information problem, there

"Maskin (1992) shows that the single crossing condition iss sufficient to guarantee implementability of

the efficient allocation.



are so many random variables we can make use of.

Thanks to the richness of the environment, we can discard intractable intratemporal
probabilistic structure, which is the key thing of the static Crémer-McLean mechanism.
By abandoning it, we can strengthen the incentive condition. As a matter of fact, in our
mechanism, it is the strict best response to make a truthful report every period, regardless of
the realization of the other agents’ states. It is a quite desirable property because it implies
that the mechanism (i) works well regardless of the intertemporal probabilistic structure,
for example, under conditionally independent, short rank correlation or full rank correlation
within period, and (ii) is robust to leakage of any information available up to that time. Even
after discarding intratemporal structure and requiring a stronger incentive condition, we
can construct a mechanism which extracts the whole surplus from intertemporal correlation
under generic assumptions.

In order to represent this idea formally, we introduce the costless revelation condition
of the state transition process. Intuitively, the costless revelation condition guarantees the
possibility to construct a Crémer-McLean lottery which gives each agent (i) zero expected
payoff if he reports the true state, and (ii) negative expected payoff if he misreports the
state. Using this lottery, we can construct a payment rule which gives an incentive for
truthful report, without leaving information rent.

If the efficient allocation itself is implementable by the other scheme, the costless reve-
lation condition in the initial period guarantees that the mechanism designer can retrieve
whole the surplus and incentive payment, so it is sufficient for full surplus extraction. A num-
ber of papers have analyzed the design of efficient mechanisms. Bergemann and Valimaki
(2010), Cavallo, Parkes, and Singh (2010) and Athey and Segal (2013) introduce several
dynamic counterparts of the Groves mechanism, originally established by Groves (1973).
If the precondition for their mechanisms (private values) are satisfied, we can implement
efficient allocation by the Groves scheme and extract the surplus from the mechanism by
costless revelation in the initial period.

If the costless revelation condition is satisfied throughout the time horizon, the state
transition process also guarantees implementability of the efficient allocation. Together with
the extraction scheme described in the previous paragraph, we can characterize a sufficient
condition for the state transition to guarantee the possibility of full surplus extraction.
Liu (2013) also analyzes the design of an efficient mechanism, which utilizes intertemporal
correlation between state profiles. Despite Dasgupta and Maskin (2000) and Jehiel and
Moldovanu (2001) prove that efficient allocation is not implementable if the problem is
static and private signals are multidimensional and statistically independent, Liu shows
that the efficient mechanism design is possible even when we have conditionally independent
types, by utilizing the environment’s dynamic feature. Although we limit our attention on
environments with discrete and finite state spaces, our costless revelation condition is further
weaker than Liu’s identification condition, because we utilize intertemporal correlation not
only between two adjacent, but longer consecutive periods.

Though our rank condition is satisfied generically as long as multiple agents participate



in the mechanism, when it fails, full surplus extraction may not be possible and some
different techniques are needed to maximize the revenue. Baron and Besanko (1984) and
Courty and Li (2000) considere optimal pricing policies in a two-period problem. Battaglini
(2005) studies the optimal contract in a model with infinite time horizon when the preference
of the buyer follows a Markov process. All of the papers above analyzed single-agent models,
so our Crémer-McLean scheme is not applicable. In contrast, Pavan, Segal, and Toikka
(2014) studies a general dynamic information model with multi-agent with private and
independent values in the dynamic sense. They establish a dynamic version of revenue
equivalence principle and derive the optimal revenue-maximizing mechanism. When the

rank condition fails, their works give us an insight for methods to maximize the revenue.

2 Short-period examples

2.1 A two-period example
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Figure 1: A two-period example

Consider a two-period example. Two identical agents (say, agent 1 and 2) participate
in the mechanism. Each agent’s outside opportunity is fixed to zero. The game proceeds in

a following way.

Period 1 Agent i observes his private state 0% € {H, L}. The joint distribution of §; =
(61,02) is given by fo (see Figure 1). Each agent reports 6, which is not necessarily

the truth, and the mechanism designer determines the allocation in period 1, z; €
X ={x(H,H),x(H,L),x(L, H),x(L, L)}



Period 2 Basically, the procedure is same as that in period 1, however, the state distri-
bution is different. If 61 # 07, 6, is drawn from f4. Otherwise, it is drawn from fg.
After the report and allocation, each agent’s payoff is finalized. Agent ¢’s valuation is
given by v(x1,0%) + v(xe, 03) + ', where v is the agent’s valuation function and y* is

monetary transfer.

Assume that x(6;) maximizes the social welfare in period ¢, when the social state is 6; 2
The mechanism designer wants to maximize ex ante revenue from this mechanism and can
commit a mechanism before the game, and to achieve the efficient outcome, he chooses x(6;)
in period t if the reported state profile is #;. Since we have private values here, the efficient
allocation is ex post implementable by the Groves mechanism, whose payment rule is given
by (01, 602) = v(x(01),07") + v(x(02),05"). On the contrary, since the state distributions
are conditionally independent, it is impossible to extract the full surplus if we apply static
mechanisms periodically.

However, making use of the problem’s dynamic structure, the mechanism designer can
extract the whole surplus. Consider a payment rule w’ s.t.

;

1 (if6; € {(H,H),(L,L)} and 6," = H)

(60, 057) = —4 (?f&le{(H, H),(L,L)} and szzL) @
-1 (if6,€{(H L),(L,H)} and 05" = H)
|1 (if6 € {(H,L),(L,H)} and 0,°=1)

Then, for any realization of 6y, E [w'((6%,67%),605")
E | wi((03,07), 077)
his state truthfully. Since 8} = #2 = H, 6, is drawn from f4, so Pr(d3 = H) = 0.8 and
Pr(é% = L) = 0.2. In this case, if agent 1 reports truthfully, his expected payment is
0.8:1+0.2-(—4) = 0. Conversely, if he misreports his state, 0.8-(—1)4+0.2-1 = —0.6 < 0.

Remaining parts can be verified in a similar way.

91} = 0if #i = 0! and otherwise,

01] < 0. To see this, suppose that §; = (H, H) and agent 2 reports

Let the payment rule ¢° be

V! (01,602) = v(x(62),65") — v(x(61), 61)

N ( o (2)
_E [U<X(02), 05) + v(x(62), 63"

01 +a-w'(61,057).

Then, in period 2, each agent tell the truth regardless of 05 ¢ since only the first term
depends on éé Consider agent i’s incentive compatibility in period 1. Given 61, agent i’s
utility maximization problem in period 1 is

max {v(x(0},07%),01) + E [v(x(82), 83) + v (0], 07°),02) 1 | } (3)

6ie{H,L}

*Formally, x(0:) € argmaxy, [v'(xs, 07) + v (w4, 07)]. Since the allocation does not affect the state tran-

sition in this example, we don’t have to worry about continuation values.



Expanding 1* in (3), the objective function can be rewritten as
o(x(61,617).61) — v(x(61,6,"), 6}
+E [v(x(0), B3) + v(x(02), 857) | 0
+aB[w'((6],6,7).0,)|61]

Therefore, if agent ¢ tell the truth in period 1, his expected payoff from the mechanism is
zero. In addition, letting « sufficiently large, we can make the value of objective function
in (3).

Finally, we consider individual rationality. In period 1, each agent’s on path expected
payoff is zero, so it is equal to the value of outside opportunity here. On the contrary, in
period 2, both agents do not always want to attend the mechanism. However, this is not
a very serious problem since by requiring each agent to make a deposit in period 1 and
returning it in period 2, we can keep participation constraints in period 2, without hurting
any incentive structure.

The mechanism we constructed above is (i) efficient, and (ii) each agent’s individual
rationality is satisfied with equality. Therefore, the mechanism designer’s ex ante revenue
attains the maximum amount. Here are three remarks. First, as we will show later, such
a lottery w’ exists as long as given for any 0, ¢ 6% and 05  have a full-rank correlation.
In this example, given 62 = H, the probability vectors of é% are (0.8,0.2) given 0 = H
and (0.5,0.5) given 1 = L, so they are linearly independent. Second, when we consider
the possibility of full surplus extraction in dynamic environments, it is effective to divide
it to two different problems—implementation and extraction. In this case, we used the
Groves scheme to implement the efficient allocation in period 2, and extract the expected
surplus and subsidy conditional on 6; using the Crémer-McLean scheme. In general, if we
can reveal #; without leaving information rent, the mechanism designer can extract the
surplus from the mechanism. Finally, although we considered a conditionally independent
type environment here, the logic we introduced here is free from the intratemporal proba-
bilistic structure. In every period, each agent has an incentive to report his state truthfully,
regardless of the realization of the opponent’s private signal. Therefore, this technique is

applicable to the environment where agents’ signals are intratemporally correlated.

2.2 A three-period example

In order to gain further insights, let us introduce one more example. The game procedure is
basically the same as the previous example, while the new example has three periods. The
state transition is depicted in Figure 2. We add new period in the middle of the two-period
example, and in this new period (period 2), each agent’s marginal distribution depends only
on his own past state. Each agent’ state in period 2 is persistent, so 63 is likely to be ‘high’
(marginal probability vector is (0.7,0.3)) if 8, = H and vice versa.

When we focus on period 1 and 2, each agent has independent types, which is defined by
Bergemann and Valiméki (2010) and Athey and Segal (2013). Each agent’s private states
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Figure 2: A three-period example

are not only conditionally independent but also intertemporally independent, i.e., ¢ is not
informative to predict 6"

Although we cannot directly apply the intertemporal Crémer-McLean scheme introduced
in the previous example, we still have a chance to extract the whole surplus. While 6% and
05" are not correlated, there is positive correlation between 6} and 6. Of course, if we
construct a Crémer-McLean lottery from them, each agent sometimes has an incentive to
tell a lie in period 2. However, even then, giving a further stronger incentive to tell the
truth in period 2 by a different scheme, we can make agent 2 report his state truthfully
in period 2. Given this, it is possible to reveal agent i’s state in period 1 without leaving
information rent.

Define w! and w for i = 1,2 as follows.

) if 9t = 08
wigh o =" A=) )
1 (1f03759§)
and
1 (i 6y € {(H,H), (L, L)} and 65" = H)
(o iy = 1 000 € (LD, (L, L)} and 057 = 1) "
1 (f s € {(H, L), (L, H)} and 65° = H)
|1 (6 e {(H.0). (L, H)} and 67 = L)

91] -



otherwise, and E [w%((é,&;i),égi) 92} = 0if §, = 0 and E [w%((é,ﬁ;i),égi)

otherwise. Define the payment rule as

02] <0

¢ (01,02, 03) = —v(x(601),67) — v(x(62),05)
+ 0(x(0), 05) — B | o(x(8s), 65) + v(x(63), 05")

+ aqwi (01, 05) + aowh (02,057

0| (7)

Again, we check the agent ’s utility maximization problem backward. Since % affect only
the allocation and v(x(63),65 Y), it is just a static Groves mechanism, so truthtelling is
incentive compatible regardless of the past history.

Next, we consider agent i’s problem in period 3. Given that this agent will make a

truthful report in period 3, it can be written as
“max { +E [U(X@S), 05) +v(x(03),65") 92} - E [U(X(ég)y 03) + v(x(6s),05")
01{H,L} L S ,

+ aqw] (6, 05) + s [wh((05,057),657)] 02|

(65, 057)]

(8)
Note that “Hi” appears here is not necessarily the true state but the reported i’s state
in period 1. If agent i tell the truth, his expected payoff is ajw?(6i,6%). Therefore, by
setting ag sufficiently large (relative to a;), we can prevent each agent from deviation, since
E [w%((é&, 05", 03_’)‘ 92} < 0 if 0 # 63 and all the other terms are bounded.

Given that each agent does not have an incentive to misreport his state regardless of
the history, the problem in period 1 is completely isomorphic to the previous example.
Sufficiently large o gives each agent an incentive for truthful report, and each agent’s
expected payoff from the mechanism is fixed to zero. Participation constraints in later
periods are easily resolved by requiring a deposit in period 1, and returning it in the final
period. Thus, this mechanism extracts the whole surplus.

As we will show later, we can apply this scheme to longer-period problems. Surprisingly,
it is verified that we can extract the full surplus even when agents’ states are distributed
independently (in the dynamic sense) for most of periods, as long as there exists a time

point when the private information is revealed costlessly.

3 Set up

Consider an environment with finite agents and discrete-time, infinite time horizon, indexed
byie€Z={1,2,...1} and t € N = {0,1,2,...} respectively. In each period ¢, each agent
i observes the realization of his private state i € ©! and the public state 6) € ©). We
assume that ©! is discrete and finite for all i and t. ©; = x!_;©¢ denotes the state space in
t. After the state 0; is realized, the mechanism designer decides an allocation z; € X; and

a transfer y; = (y},v2,...,y{) € RT according to the mechanism he committed ex ante.



Agent ¢ wants to maximize his payoff,

o0

Z [vf (21, 0:) + v}] (9)
=0
determined by the sequences of states (6;)72,, allocations (x¢);2, and transfers (y;)72,
where 6 € (0,1) 3 is a discount factor and v} : X; x ©; — R is agent 4’s valuation function
in t. We assume that (v})?°, is bounded uniformly.

The state distribution in the initial period is given by 1o € A(Og) and subsequent states
are distributed according to the transition probability measure p; : Xi—1 X 41 — A(Oy),
which is measurable. As Athey and Segal (2013) noted, Markov formulation is without loss
of generality since we can take the state space which includes all the past history. We call
(O, 1) the information structure.

Here we focus on direct mechanisms. In each period ¢, each agent i reports his state 6.
Then the mechanism designer decides x; and y;, according to the mechanism (x, ), where
Xt : ©; — X, is the allocation rule in ¢t and ¥y = (¥}, ..., %) where )’ : @ x---x0; — Risa
payment rule of agent i in ¢. x and v are sequences of these payment rules, i.e., x := (x¢)i2
and 1 := ()52, Note that although we can restrict 1!’s domain to ©; without loss of
generality because the public state 69 can include all the past reported state profiles, we
explicitly state here because the payment rules proposed in this paper crucially depend on
the history of reports. L denotes the sequence of reported state profiles from 7 to t, i.e.,
0L := (0;,0,41, - ,0;). Especially, we define 8° := 0f. We call (04, ut, x+)32, the state
transition process.

In this setting, each agent i chooses a reporting strategy ot : ©9 x ©f — ©! which
maximizes his expected present value (hereafter we use EPV as an abbreviation) in each
period t. The truthful strategy of agent i always reports his current state 6%, i.e., o (69, 0%) =
0 for all Y and 0:. A mechanism M = (x, ) is interim incentive compatible if the truthful
strategy profile with the consistent belief is a Perfect Bayesian Equilibrium.

We focus on a stronger equilibrium concept in this paper. We say that (x, ) is within-
period ex post incentive compatible (wp-EPIC) if truthtelling is a best response regardless
of the history and the current state of the other agents. This definition is the same as the
one in Bergemann and Valiméki (2010) and Athey and Segal (2013).

Define V/i(x) : ©; — R as agent i’s on-path periodic ex post expected present value
(EPV) from valuations, given that the current state profile is ;, and the mechanism designer

adopts the allocation rule x. Formally, V;i() is defined as

Vi) =E | Y 670} (xr(6:), 7))

Ht] , (10)

where expectations are taken according to (O, put, x¢)72,. Clearly, this does not depend
on payment rule . Since monetary transfers are zero-sum, social surplus is determined

only by the EPV from valuations. Given an allocation policy x, expected social surplus

3When we consider a finite-horizon problem, § = 1 is permitted.



is W(x) :=E [Ziez%i(x)(éo)]. An efficient allocation policy is an allocation policy x*
which maximizes expected social surplus W (x). For notational simplicity, in this paper
we abbreviate y if it does not cause confusion. In most cases, x denotes the efficient
allocation policy. To be precise, there may exist several different efficient allocation rules,
since different allocation rules sometimes give the same social surplus. For simplicity, we
ignore this multiplicity by assuming that tie is broken in some arbitrary, but deterministic
ways.

Even after we pick an efficient allocation rule, there are tremendously many payment
rules which implement it. Similar to the EPV from valuation V}}, given an allocation rule

x and a payment rule 1, here we define agent i’s EPV from monetary transfer as

Zwmm ] (11)

Here we also abbreviate x for notational simplicity.
Using these EPV terms, each agent i’s on-path EPV in period t with the state 6; can

VACHE

be written as

Ul (0% ==V} (6;) + Ti(8Y). (12)

Note that thanks to the Markov formulation of the state transition, the history until
t — 1 affect only EPV of the payment. Furthermore, if the agents have beliefs consistent
with a truthful equilibrium, i.e., assign probability 1 on the other agents’ latest reports,
E[f(65%,)|xs, 0:) = E[£(65%,)](w7)t o, 8'] always holds.

Using this notation, it is easy to show that the mechanism (x, ) is wp-EPIC if and
only if for all i € Z, t € N, today’s true state profile 6; € ©;, possible report é; € O}, and
the history of reported state profile 871,

UL(0") > vy (x(0;, 6, "), 60) + (6", (67,6, 7))

t—1 (pi p—i\ o N p—i <13)
+ 0F [U7 (0", (85,07),0us) | a0, 0,7), 0]

i.e., one-shot deviation is not profitable after any history.

We define within period ex post individual rationality as follows.

Definition 1 (wp-EPIR) A mechanism (x, 1) is within period ex post individually ratio-
nal (wp-EPIR) if for all 4,¢,, and 8¢,

U;(8") > O;(6), (14)

where O! : © — R denotes the value of agent i’s outside opportunity (assumed to be

uniformly bounded).

Intuitively, O%(6;) is the value agent i can acquire without permission or cooperation of
the mechanism designer and the other agents. The mechanism designer cannot prevent him

from taking this option. However, if we take the possible allocation space X; sufficiently

10



rich, we can include this “outside option behavior” as a part of allocations. The mechanism
designer can designate this kind of allocations as long as each agent’s EPV is equal to or
larger than his outside opportunity. Otherwise, the agent escapes from the mechanism and
does everything by himself.

This definition of individual rationality is most flexible since the value of agent i’s outside
opportunity can depend on all the information available for him at that moment. O actually
changes depending on the state in some problems. For example, considering public goods
provision, “exit” means leaving from the meeting and stopping payment on the park. In
this case, even after this agent decides to exit from the mechanism, he can enjoy the park
built by the other agents because neighbors cannot exclude him. Furthermore, expected
quality of the park depends on the amount of neighbors’ investment, so it crucially depends

on the social state.

4 Surplus Extraction

As I noted it in the introduction, we will investigate mechanisms which extract whole
the surplus from the agents. To consider this problem, firstly we give a definition of the

mechanism designer’s ‘revenue’ in dynamic environments.

Definition 2 (Revenue) The revenue R of a dynamic mechanism (x, ) is defined as

> wh(6o)

€L

R:=-E (15)

In other words, R is the summation of ex ante EPV of payments from the agents. We can
interpret this as the mechanism designer’s expected monetary payoff from the mechanism
(x, ). Since the mechanism designer commits a dynamic mechanism ex ante, it is natural to
assume that he wants to maximize ex ante payoff. Furthermore, if the mechanism designer’s
utility is linear in monetary transfer (risk-neutral) and he shares the same discount factor
0 with the agents, his payoff is ex ante payoff is exactly same as the ‘revenue’ defined here.

Next, we will formally define “full surplus extraction” under the dynamic environment.

Definition 3 (Full Surplus Extraction) A mechanism M = (x, ) extracts the full sur-
plus if (i) the allocation rule x is efficient and (ii) the mechanism does not leave any

information rent, i.e.,

R=E

S Vi) - oa<éo>]] (16)
€T
holds.

Clearly, this amount of revenue is maximal since the allocation is efficient and wp-EPIR
in the initial period requires us that —W}(6y) < Vi (0o) — O4(0o) for all i and 6y. Therefore,
it is the most desirable outcome for the mechanism designer who wants to maximize the

revenue from the mechanism, if it is possible.

11



Then, what is the sufficient condition for the existence of a mechanism which achieves
full surplus extraction? To address this problem, it is effective to “divide each difficulties
as many parts as is feasible and necessary to resolve it.” In fact, there are three difficulties;
(i) implement the efficient allocation (meet the incentive compatibility), and (ii) reveal the
initial state without leaving information rent (make the individual rationality binds in the
initial period).

In this section, we hire one of existing schemes to implement the efficient allocation, and
retrieve the surplus and incentive payments by adding a participation fee to the original
mechanism. Here the possibility of full surplus extraction is equivalent to the existence of
such a participation fee schedule.

In order to address the points at hand, we introduce one more concept.

Definition 4 (Costless Revelation) An state transition process (©r, pir, x7)22, satis-

fies the costless revelation condition in t if there exists a (part of) payment rule ¢ =

(DL )iez)22 41 s:t.

(i) each ¢! is uniformly bounded and irrelevant to the history of reported state profiles
until t — 1, i.e., ¢t : xT_,04 — R for all 4 and T,

(i) ®! satisfies
E [‘I’i+1(9t79~t+1)‘ Xt(et)aet] =0 (17)
and
B[}, (07,6,), 00 xal01,6,),0] < 0 (18)
for all i € Z, 6, € ©; and 0! # 01,

(iii) ®! satisfies

LO7) = 9671, (B1,071)) + OB [ @1 (671, (B1,077), 0r40) | xr (05,677),0, ] (19)
forall T >t ieZ, 0] ' e x7_,O,, 0, € O, and 0 # 0

If we have the costless revelation condition in ¢, we can give each agent an arbitrary strong
punishment for misreport at that time. If this condition is satisfied in the initial period, we
can always make each agent’ individual rationality fixed to be zero. Theorem 1 formally

states this result.

Theorem 1 Suppose that (O, 1¢, X¢)72 satisfies the costless revelation condition in ¢ = 0,
where x is the efficient allocation rule. Suppose also that there exists a direct dynamic
mechanism (Y, g), which is wp-EPIC and (g})%°, is uniformly bounded. Then, there exists
a mechanism (, ) which is wp-EPIC, wp-EPIR and extracts the full surplus.

In order to prove Theorem 1, we firstly show Lemma 1, which allows us to focus on the

individual rationality in the initial period.
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Lemma 1 Suppose that there exists a bounded payment rule ¢ s.t. (x,¢) is wp-EPIR,
which yields the revenue R and satisfies wp-EPIR in period 0, i.e.,

V5 (60) + @4(00) > O (6o) (20)

holds for all i € Z and 6y € ©g. Then, there exists a mechanism (x, ) which is wp-EPIC,
wp-EPIR and yields the revenue R.

Proof of Lemma 1 Define d. : ©; — R by

dy(0r) = max {0p;1(0e41) = Vi1 (0er1) — 441 (8",0141)} (21)

0t4+1€0¢41

for all + € N. By assumption, v}, ¢ and O} are uniformly bounded, so d is.

Define a new mechanism (x, ) by

¥6(60) = ¢6(60) — 6dy(6o) (22)

for t =0 and
$i(6") = ¢(6") — 6d;(0") + dj_ (6" 1) (23)

Intuitively, dd;(6;) is the deposit to the social planner and d;_;(6;—1) is withdrawal. Then,

4

T
—0T () -y, (8 Y 6T L(87)
T=t

for any t and for any realizations of 6,

T . ~
> 5T (O7)

T=t

T = lim E
T—o00

= lim E

T—o0

Ot] (24)

= 2}(60') + dj(6" )

The last equality holds because uniform boundedness of di assures that 5T*t+1E[d§~(§T)] —
0 as T'— oo. Then, agent ¢’s EPV is

Vi (0r) + 03(0°) = Vi (0r) + @4(6°) + d;_1 (') = O'(6r). (25)

Furthermore, since agent i cannot manipulate 8'~!, we can treat d:_,(6;—1) as a constant
term. Therefore, the wp-EPIC in the original mechanism (x, ¢) is preserved in (x,v).

Similarly, in the initial period, W} (6y) = ®(fo) for all §y € Og. Therefore, (x,v) is
wp-EPIC, wp-EPIR and yields the revenue R. B

Proof of Theorem 1 By Lemma 1, it suffices to show that there exists a mechanism
(x,®) s.t. (i) (x,v) gives each agent exactly the same EPV as the outside opportunity, i.e.,
VE(00) + Wi (00) = O} (6y) for all §y € O and (ii) (x, 1) is wp-EPIC, and (iii) } is uniformly
bounded.

By assumption, there exists g s.t. (x,g) is wp-EPIC and ¢} is uniformly bounded. In

addition, by the costless revelation condition in ¢t = 0, it is guaranteed that there exists a

13



part of payment rule ¢ which satisfies all the three conditions introduced in Definition 4.

Using these g and ¢, construct a new payment rule ¢ as
¥6(60) = —vh(x0(6o), o) — 6 | V{'(61) + Gil(9079~1)’ Xo(eo),eo] + 0g(6o) (26)
for t =0 and
V1(6°) = g{(8") +a’(6;")9}(6") (27)
for t > 1, where o(fy ) € Ry is a sufficiently large scalar (the detail is shown later).
Then, agent i’s on-path EPV in ¢ = 0 from the payment rule is

Wi(6) = —Vi(6o),00) + Oh(60) (28)

for all 0y, so the first condition is satisfied.

Next, we want to show that (x, ) is wp-EPIC. When ¢t > 1, wp-EPIC is obviously hold
since (x, g) satisfies wp-EPIC and ¢ does not hurt the incentive structure. If agent ¢ makes
one-shot deviation to éé in t = 0, his EPV is

obxo(0h,057), 60) + O [VE(B1) + GL(05,057), 81) | xo 05, 057), o
- Uf)(XO@é» Q(J_i)? (96, 90_1)) —0E [Vlz(él) + Gil((em 9 ) 91) XO(ég)v 9()_i)v (é%)v 951)} (29)
+ O4(6h, 05" + 6’ (0 )E | 4((8h, 05", 01)| x(8h. 65"). 6o
Let

— vh(x0(65,65"), 60) + vh(x0(05, 65 1), (65,65 1))

— GE[Vi{(6) + Gi((85.657). 61)| xo05, 65 6o
+0F [Vi(B1) + GL(05,057), 61) | xo (80, 05°), (05,05
W) — e L0061+ Oilt)

050420 [ [@4((65,657), 60) | x0(65,657). 60|
00,

(30)

Then his EPV from any deviation becomes smaller than or equal to O}(6p), which is his
on-path EPV.

Finally, since all of v}, g, ¢!, and Oi’s are uniformly bounded, 1} are also bounded
uniformly. Applying Lemma 1, we obtain a mechanism which is wp-EPIC, wp-EPIR and
extracts the full surplus. B

Although individual rationality in later periods can be solved by “borrowing and lending
agreement,” if the amount of the deposit increases faster than inverse of the discount rate,
the EPV of transaction is not zero. Uniform boundedness of the valuation functions and
payments are one of the most tractable sufficient conditions which guarantee no Ponzi game
condition here.

Many preceding papers studied the dynamic counterparts of the Groves mechanisms.
Above all, the Team mechanism suggested by Athey and Segal (2013) is the most suitable

for the “original mechanism” (x,¢) in Theorem 1.
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Theorem 2 (the Team mechanism: Athey and Segal (2013)) Suppose that we have
private values, i.e., for any i € Z, t € N, v} is irrelevant to 0{ € @z for all j € Z\{i}. Suppose
also that  is the efficient allocation rule. Then, (, g) where gi(6;) = D jen\{i} vl (x(6y), ;)
is wp-EPIC.

Proof See Athey and Segal (2013).

Athey and Segal (2013) named this (, g) the Team mechanism. Since we assume that
v¥’s are uniformly bounded, so gi’s are. Combining Theorem 1 and 2, we obtain Corollary

1, since this mechanism is wp-EPIC regardless of the shape of u.

Corollary 1 Suppose that (O, put, x¢);2 satisfies the costless revelation condition in ¢t = 0,
where x is the efficient allocation rule. Suppose also that we have private values. Then,

there exists a mechanism which is wp-EPIC, wp-EPIR and extracts the full surplus.

5 Full Rankness and Costless Revelation

In section 4, we have shown that the costless revelation condition in the initial period is
the key for possibility of full surplus extraction. Here a question naturally arises. When
is the costless revelation condition satisfied? As is shown in the short period examples, we
can reveal each agent’s private information without leaving information rent when agents’
states are intertemporally correlated.

Similar to static environments, in order to apply the Crémer-McLean scheme, a dynamic
version of full rank condition is needed. For notational simplicity, here we interpret each
pe(ze—1,0t—1) € AO) (g “(z4-1,0:—1) € A(O;Y)) as a |O]-length (|O©;*|-length) probabil-

ity vector.

Definition 5 (Intertemporal Full Rankness) (O, ;)22 satisfies the full rank condi-

tion in t if one of the following conditions are satisfied.
(i) For any 4, x; € Xy, and ;" € O, {u;ﬁl(azt, (63, Q;i))}egeeg‘ are linearly independent.

(ii) For any i, z; € Xy, and 0;°, {pes1 (21, (9%,9;"))}9%6@% are linearly independent and
(©7, )22, satisfies the full rank condition in ¢ + 1.

The first condition requires that given any 6, ¢ i has some information about the
other agents’ future states 0, +i1. Since this agent cannot manipulate the report of 6, Jfl,
the first condition itself is sufficient for constructing a Crémer-McLean lottery. This is the
mechanism designer’s first chance, and it generically holds as long as |©,, J:1| > |©4.

Even when the first condition fails, we still have a chance. The second condition is
given any 0, ¢ 0i has full rank correlation with something which will realize tomorrow, and
the mechanism designer can surely reveal the true realization of it. Although the former

part of the second condition is weaker than the first one, it is not sufficient by itself to
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produce a Crémer-McLean lottery because the mechanism designer might not detect the
agent’s contingent deviation. However, if the agent foresights that he does not have any
profitable deviation in the next period, there is no essential difference between 6}, ; and 9;1
because the true realizations of both are surely unveiled tomorrow. Therefore, given the full
rank condition in the next period, the mechanism designer has a rather rich information
structure.

It is obvious that linear independence of 0; ", {11 (s, (0%, 05 "))}9};6@% is always weaker
than that of 6, € ©;", {1, (x4, (0;,6; ")) }picoi- Note that the second condition might
be satisfied even when we have independent types in the dynamic sense in t + 1, i.e.,
the transition probability can be written in the form that pyyi(z¢,0;) = p?+1(xt,9?) .
[Ticz tisq (2,69, 0;) 4, while there is no hope for the first one. In reality, this general-
ization is much more than a mathematical, dimensional extension. Without controversy, it
is natural to expect that the most promising clue to predict 6 4118 0i and sometimes 6! is
useless for predicting Q;Lil. A typical example is persistent types, shown as the three-period
example.

The intertemporal full rank condition is sufficient for costless revelation. Thereom 3

states this result.

Theorem 3 Suppose that (0O, ;7)22, satisfies the full rank condition in ¢. Then, for any

X, (O, pir, X7)32 satisfies the costless revelation condition in ¢.

Proof of Theorem 3 If (i) of the full rank condition is satisfied, /uLt_Jz1(Xt(9t),9t) is not

in the convex hull of {u;fl(xlg(ﬁt), (61, et_i)}éie@i\{ei}- Applying the separating hyperplane
: tS9¢\1Vy

theorem, there exists a |0, |-length vector b}, (6;) s.t.

bi1 (60) - iy (xe(60). 60) > By (60) - iy O (60), (63,67), (31)
equivalently,
E (600 (07| xe(80), 0] > E b1 (000 | e 00), (05,07 (32)

holds for all 0} € ©i\{6!}, and |11 (6)]] = 1.
Construct ¢ in a following way. ¢. 110 x 0] +i1 — R is defined as

Ghia (00, 0771) = Vs (00 (01) — E [ b2 (00)(B51) | x(60), 6] (33)
and ¢2(07) =0 for all 7 > ¢+ 1 and 67. Then,

E|@)(0,0,7)

Xt(é§7 et_l)v 0ti|

. o (34)
= E [t 00 (60). 0] — B [bl41(6)] xe(6).6.] = 0

41f this holds for all ¢, it becomes the definition of independent types in Athey and Segal (2013), and a
basic assumption in Bergemann and Véaliméaki (2010) and Cavallo et al. (2010). Note that this condition is

stronger than conditional independence, since the distribution of 6}, ; cannot depend on 67 for all j € Z\{i}.
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and

X(ézu et—l)’ et]

(35)
= E [0 1(075) a0, 6,7),0,] —E |60 67| (81,67, 01,6, < 0

holds. In addition, since agent i’s report after ¢ does not affect ¢i’s, so equation (19)
trivially holds.
Suppose that the full rank condition is satisfied with the second statement. First, we

will prove the following lemma.

Lemma 2 Suppose that for any i, z; € Xy, and 0,7, {11 (x4, (6%, Gt_i))}ege@i are linearly
independent and for any x, (O, ir, X+)3 satisfies the costless revelation condition in t+41.

Then, costless revelation is also possible in ¢.

Proof of Lemma 2 By assumption, for any 7, 6; € Oy, u;jl(x,g(ﬂt), 0;) is not in the convex

hull of {1 (x:(6:), (67,07 i))}éieei\ 0 Applying the separating hyperplane theorem, there
7SO\

exists a [O¢41|-length vector bi ;(6;) s.t.

E [bi—i—l(et)(éﬂrl)‘ xt(0), Qt} >E [bi-&-l(et)(éﬂrl) xt(0t), (éia efi) (36)

holds for all 67 € ©i\{0:}, and ||b;11(;)|| = 1. Since costless revelation is possible in t+1 by
assumption, there exists ((w’);cz7)22,, » which satisfies all the three conditions of Definition

4. Construct ¢ as follows.

G100, 011) = Yy (00 O11) — E [ b1 (00) (Ber) | x260), 01 (37)

and
9 (07) = o (01, 0,1 )wr (074) (38)
for all 7 >t + 1. ai(6;,0,41) € Ry, is a sufficiently large scalar (construction of o will be
stated in detail later).
Then, for all 7 > ¢ 4+ 1, truthtelling is a best response regardless of the history, by
construction of w’. Consider agent i’s problem in period t 4+ 1. Given any yesterday’s

reported state profile 6;, and today’s realization 6;1, his EPV from truthful report is

D} (80, 0141) = Vi (60) (0rs1) — B [y (0)Be) | xa(00), 0] (39)
If he makes a one-shot deviation to éz 11 # 0}, his EPV from ¢ is

Brar(Oc, (011, 071)) + OB [ @] 5 (01, (011,050, Orve) | Xern (011, 07,), 00 |
= b1 (001, 05) — E b1 (00 0r1) | a(61), 6] (40)

601 (01, 0 [ W o(Bha,070),012) i (B, 071), B0 |
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By construction of w, E |:Wti+2(9t,(ég+170;1),§t+2) Xt+1(ég+1,9;£1),9t+1 < 0. Then,

defining o (6;, 0;, 4:1) as

ai(9t7 et_—&zl)

~ max ?iﬂ??t)(@tﬂ) —~b§+1(‘9t)(9§f1a 9[&? ’ (41)
0141041 €001 g ’E |:Wtz+2<(9%+17 9;51)7 Or+2) Xt+1(9§+1a 9;1% 0t+1} ‘
01170111

each agent does not have any profitable deviation in £+ 1. The incentive condition in period

t can be verified in a similar way to the first part of the proof of Theorem 3. B

Proof of Theorem 3 (continued) Given Lemma 2, the remaining part of Theorem 3 is
immediate. If the full rank condition is satisfied with the second statement in ¢, there exists
some t* > t when it is satisfied with the first one. Then, by the first part of the proof of
Theorem 3, costless revelation is possible in ¢*. Applying Lemma 2 iteratively, it is shown

that costless revelation is also possible in ¢. B

6 Implementation by Costless Revelation

As we argued in Section 4, in order to extract the whole surplus, we have to (i) implement
the efficient allocation, and (ii) reveal the initial state profile without leaving information
rent. Theorem 1 and 3 imply that the intertemporal full rank condition in the first period
guarantees the second part of these requirements. In fact, what is better, the full rank

condition is also useful to meet the first requirement.

Theorem 4 (Implementation) Suppose that (O, pr, x7)22, satisfies the costless reve-
lation condition for all t € N. Then, there exists a payment rule ¢ which makes (x,)
wp-EPIC.

Proof of Theorem 4 Since the costless revelation condition holds for all ¢ € N, there exist
(¢1,)32 44, which satisfies all the three condition in Definition 4, for each ¢. Define the new
payment rule ¥ as ¥4(0p) = —vi(x0(o),00) and

t—1

Vi(0') = —ui(xe(6:), 0:) + Y l(6,7)9%,4(6%). (42)

s=0
for each t > 1.
Then, for all ¢t and 8=, agent i’'s EPV from truthful reports is

t—1

Vi (0:) + Wi(0') = D al(0,7)®L,(6%)- (43)
s=0
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If he makes a one-shot deviation to 67 # 07,

U%(Xt(éi, et_z)? 915) + 1/}1%:(01‘/717 (ézfn at_l))

+ OE [V}il(étﬂ) + U6, (é};,a;i),étﬂ)‘ Xt(éiaefi),et]

= (05, 0,7, 00) — v e (03, 6771), (67, 6;7)) (44)
t—1

> al(0) {8817, (01,60, + OF | @,y (8571, (81, 677), B | Xl 677), 0] | (45)
s=0

+ 0ai(07)E [ @ras1((01,077), Bevn) | xal07, 07), 0] (46)

By construction of ¢g’s, (43) is always smaller than or equal to (45). Therefore, defining

: (47)

ag(@;@) — max —U%(Xt(ég, et—z)’ 015) —+ Uti(Xt(égv 0;1)7 (ézﬂgt_z))

0010} §|E[®] (67, 6,), 8u1) | xal07,6,), 6]
00

wp-EPIC holds in each ¢t. B

When we are considering a finite-horizon problem, it also implies possibility of full
surplus extraction immediately. However, unfortunately it is not always the case for an
infinite-horizon problem. Our strategy for keeping wp-EPIR in later periods is the deposit
scheme, and if the amount of deposit increases without bound and faster than discount rate,
it hurts the incentive structure. In order to avoid this, we need a slightly stronger rank

condition.

Definition 6 (Uniform Intertemporal Full Rankness) Let p be the Euclidean dis-

tance. (O, ut)i2, satisfies the uniform full rank condition if there exists k > 0 s.t.

(i) there exists T € N s.t. for all ¢ € N, there exists ¢t < t* < T s.t. for all z;+ € X4+ and
Ht* S @t*>

P (ut:ﬂrl(:vt*ﬂt*), COHV{M?JA@#: (éihet_*i))}é;‘*e@i*\{ag*}) >k (48)
(ii) forallt € N, xy € Xy, 0y € Oy
p (Nt+1($t, 0+), conv{ps1(xt, (0}, efi))}égeeg\{ggﬁ >k (49)

Theorem 5 Suppose that we have the uniform full rank condition. Then full surplus
extraction is guaranteed, i.e., for any ((v})iez)?%, and ((O})icz):2,, there exists a direct

mechanism which is wp-EPIC, wp-EPIR and extract the full surplus.

Proof See Appendix.

It is well known that as correlation becomes weaker, the maximal payment of a Crémer-

McLean lottery gets larger and larger. We can interpret this situation as an asymptotically
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short rank environment. Even when {,ut:i_l(xt*, (6L, Ht_*i))}ej*e@i* are linearly independent,
these probability vectors get closer and closer, and coincide in the limit, the deposit scheme
may skew the incentive structure. In order to avoid this problem, one of the most tractable
and straightforward assumption is to set a minimal difference between a probability vector
and the convex hull of the others. Note that our uniform full rank condition is equivalent

to full rank condition for all ¢ for finite-horizon problems.

7 Conclusion and Discussion

In this paper, we have studied dynamic mechanisms which extract the full surplus. To
analyze it, it is effective to divide it into two different problems; (i) implement the efficient
allocation rule, and (ii) extract whole the surplus and incentive subsidies. Making use of
intertemporal correlation between signals, we can construct a Crémer-McLean like payment
rule which reveals each agent’s private information in the initial period. Moreover, it im-
mediately solves the second requirement for full surplus extraction. If the implementation
of the efficient allocation is guaranteed by some other scheme, like dynamic Groves mech-
anisms, costless revelation (derived from full rank intertemporal correlation) in the initial
period is sufficient for full surplus extraction. We can also implement the efficient alloca-
tion by utilizing intertemporal correlation. Indeed, if costless revelation is possible in each
period, implementability of the efficient allocation is assured. Combining these results, we
can articulate a sufficient condition for full surplus extraction in dynamic environments.

Taken together, the precondition for full surplus extraction in a dynamic environment
is weaker than the one in a static environment. Even when the state distribution is a con-
ditionally independent, we still have a chance. Furthermore, even if we have “independent
types” in the dynamic sense for most of periods, we may realize full surplus extraction by
making use of state correlation in some exceptional periods.

This result gives us a very clear and important message for the field of mechanism
design. Sometimes we can obtain a desirable outcome, which was thought to be impossible
to produce, by utilizing the environment’s dynamic nature. In order to make the most of
dynamic nature, we may have to design a complicated mechanism beforehand. As a matter
of fact, our result suggests that it is not sufficient to examine payment rules which are
associated only with reports made yesterday and today.

Our mechanisms utilize all the existing intertemporal correlation. Therefore, in our
conjecture, the necessary condition for full surplus extraction may be quite close to our full
rank condition. However, it is much more complicated problem than the one in a static
environment, since we have to investigate a very rich class of payment rules, which can
depend on all the past reports. While it is very interesting and important problem, we

leave this problem for future research.
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Appendix

Proof of Theorem 5
Step 1 There exists T' < oo and k > 0 s.t. for all ¢ € N there exists t* s.t. ¢ < t* <T and
there exists (¢¢« 7)5 g St

(i) (@) 4«41 is an appropriate costless revelation payment rule in ¢*, i.e., it satisfies

all the three conditions in Definition 4,
(ii) (¢t*77)?-o:t*+1 has a uniform upper bound ¢y < oo,
(ili) @ (07 1) =0 for all 7 > t* + 2,

(iv) there exists € > 0 s.t. ‘E [(I’i*?twl((ég*,G;i),ét*ﬂ) Xt*(ég*,Q;i),Qt*} > ¢ for all

0. # 0. and 6,.° € O

Proof of Step 1 By assumption, there exists 7' € N s.t. for all ¢ € N, there exists
t <t* <T st for all x4+ € Xy and Oy« € Oy,

p (ks (wre, 010, convipgyy (e, (B, 02D Y con oy ) > B (50)

Fix any such a ¢* arbitrarily. We will construct a particular bj., : ©p — A(O +1)
which separates p,.!, | (z¢+, 04+ ) and conv{p,.", (2, (0, 9;1))}@*6@%*\{9;*} together with an
| =1 for all Oy~ € Oy=.

Take any 6+ € ©4. Since conv{,ut_*ll()(t* (0¢+), (th*, ))}91 coi\ (61} is compact, there

appropriate constant, and |[bf. | (6;-)

exists a point Al (xg= (0p+), 0p) € conv{puz’, 1 (xer (0p), (6L, 6, ))}92* €Ol {01, which is clos-
est to u;il(xt*,ﬂt*). Define

pipst g (e (0p), 0 ) — X (X (03 ), 0+

bie 1 (0p) = : (51)
o [he1 e (B ), 02) = N (e (012), 604 |
Then, clearly |[bj;(6¢+)|| = 1. Furthermore,
b1 (0e) - 13"y (s (0), 0) = Ao (X (0), 0]
= [ |1 (xer (06 ), 0+ ) — N (e (B3 ), 0+ )| (52)
>k
and
b (800) - [ M- (e (000, 000) = ity e (010, (B3, 05))| <0 (53)
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holds, since b}. (6+) and Al (x¢= (04 ), Ht*)—ut_*il(xﬁ (6;+), (6., 6;2%)) cannot make an acute
angle. Combining (52) and (53), we obtain

b1 (1) [/j’t_*i—&-l(xt* (6¢), 0e+) =ty (xe (B2, (9§*a9t7i))] >k (54)
for all él’f* # 0L,
As is shown in the first part of the proof of Theorem 3, defining (¢ )72+, 1 as
Ghe o1 (Orr, 07741) = Vet (0) (0751) = B [ b1 (00) 01 | X (01,00 (55)

and ¢ -(07) = 0 for all 7 > ¢* 4 2, this (¢4 )32, reveals the states costlessly, has an
upper bound ¢¢ = 2, and irrelevant to the report after t* + 2. In addition,

B [ @ (0305, 010 10) | xie (03, 07, 01
= 5 [E [bfeia (B 070 xie (03, 07,00
B b1 (01, 07) 07| e 01,059, (B 079)] | (56)
a0, 07 - [t O (Bl 077), 000) = iy O (B, 077), (B, 07|

>d0k=¢c N

=9

Step 2 Let 0 < t*(¢) < T be the closest future start point for ¢. There exists (¢g, ¢1, P2, ...)
and € > 0 s.t. for any t € N s.t. n = t*(t) — ¢, there exists (¢¢,-)32, ;| s.t.

(i) (¢1,7)324, 1 is an appropriate costless revelation payment rule in ¢, i.e., it satisfies all

the three conditions in Definition 4,
(ii) ¢n is a uniform upper bound of (¢ )22, ;,
(iii) gbéﬁ(@[) =0foralT>t+n+1,
(iv) ‘E [@;’Hl((ég,agi), Gein)| xe (82,677, et} ‘ > ¢ for all 6} # 0! and 6,7 € O],

Proof of Step 2 We prove it by mathematical induction. For n = 0, we have already
proved in Step 1. Assume that we have all the four conditions for n — 1 (n > 1). We will
show that it is true for n.

Take any such t arbitrarily. As we have shown in the proof of Lemma 2, there exists
by i O — A(Opyq) st ||bi1(6)]] = 1 and defining

G410, 0141) = b3 (0)(O11) — E [ b1 (0 0r1)| xe(600). 0] (57)

and
G1+(07) = (01, 0,1'1) i1, (67) (58)
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for all 7 > ¢ + 2, where

O‘i(et’ et_-ifl)

_ max bé+1(0t)(9t+l) - bi+1(‘9t)(é%+1a 0;:1) (59)
i1 0310k 8[E [ @1 o081, 070), Be2) o1 Oy, 071), 00|
07 179 11

(¢1,)32, 1 reveals the state in ¢ costlessly.

Since ¢}, (67) =0 for all 7 > t+n+ 1, so ¢} is. Furthermore, ¢, (0;,0¢41) < 2
for all 6, € ©; and 0,11 € ©11, and ¢} (0]) < 2/de holds for all 8. Thus, (¢;)32,, is
bounded by ¢,, = max{2,2/Je}.

In addition, for all t € N, z; € X;, 0; € O,

p (Nt+1(xt7 975)? Conv{ut-i-l(xtv (é;ﬁ 9;1))}9269;\{93) > k. (60)

Therefore, in a similar way to the proof in Step 1, it is verified that

B[ @0 (01, 077), 00s) | xal01,0,),61) | > ok = . (61)

Step 3 There exists a ((¢s,r)72 ;1) S-t.

(i) (¢s,7)3,41 is an appropriate costless revelation payment rule in s, i.e., it satisfies all

the three conditions in Definition 4,
(i) ((¢s,7)2%441)2 has a uniform upper bound ¢ < oo,
(i) ¢%,(67) =0 forall 7> s+ T,

(iv) there exists € > 0 s.t. ‘E [@iiﬂ((égﬁ;i),étﬂ) Xt(é}:,ﬁt_i),ﬂt” > ¢ for all t, 0! # 0
and 0, € ©;".

Proof of Step 3 We will construct the entire ((¢s7)32,, 1) in a following way. In period

S,

(i) if for all z5 € X, and 6, € Oy,

p (Hts (s, 02), conviingty (e (00,07 Y connory ) > B (62)
we construct (¢s )32, | in a way introduced in Step 1.
(ii) otherwise, we construct (¢s,)32,,; in a way introduced in Step 2.

By assumption, there exists a period which satisfies the condition (i) for every 7" consecutive
periods. Then, letting ¢ = max{dy, ..., pr}, it is obvious that this ((¢s,r)22,, )22, satisfies

all the four conditions above. B
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Step 4 Given this result, we will show that wp-EPIC payment rule ¥ constructed in the

proof of Theorem 4, has a uniform upper bound. Recall that the value of v¢ is given by

t—1

$i(0") = —vi(xe(61), 00) + > ak(051)¢l ,(6Y). (63)

s=0

where

a;(gt—l) — max —U%(Xt(éé, et—z)’ 0,5) —+ U%(Xt(égv at_z>7 (@791?_1))

0010} §|B [0 1 ((6,6,),00s1)| x(6,0,),61] |
00

(64)

Since v{’s are uniformly bounded, |vi(x;,0;)| < v for alli € Z, t € N, 2; € X; and 6; € ©.
In addition, for all ¢, 6! # 6! and ;" € ©; ", ‘E [¢i7t+1((é§,9fi),9~t+1)) Xt(ég,@;i),ﬂtﬂ > €.
Thus,

2v

il < 52 (65)

holds. Since ¢ ,(0%) = 0 for all t > s + T, and there exists ¢ € R s.t. |¢},(6%)| < ¢ for all
i, t, 6. Then, -
2Tv¢
de
Thus, this % is uniformly bounded. Applying Theorem 1, we obtain the desired result.

Wil < o+ . (66)
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